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Abstract 


In the present paper an attempt is made to give a general idea of the geographical 
distribution of fixed nitrogen (NH,-N) transferred to the soil through precipitation in 
Sweden. Further a map is given showing the distribution af &, a quantity proportional 
to the nitrogen concentration in the precipitation at the beginning of a rain and, it is 
assumed, representative for the content of fixed nitrogen in the atmosphere before the 
rain is falling. 

A discussion of different causes of the concentration of fixed nitrogen in precipitation 
is presented and a photochemical process is suggested, which would explain the almost 
constant ratio between NH,-N and NO,-N frequently found within the temperate zones. 
It is evident, however, that other causes also are at work, especially at lower latitudes. 


FÉOMICCE NI NG EN 


The need of laboratory experiments is emphasized. 


In our previous paper on this subject (ANc- 
STROM, HÔGBERG 1952), we reached the con- 
clusion that the concentration of NH,-N 
and NO;-N in precipitation is dependent upon 
the amount of precipitation previously fallen. 
We further found a pronounced dependence 
of the concentration on the character of the 
air mass. Thus the tropical air contains between 
10 and 30 per cent greater amount of nitro- 
gen than the polar air, and almost double 
the amount found in the arctic air. 

An attempt was made to express mathe- 
matically the change of concentration in its 
dependence of the quantity of precipitation 
fallen. The following expression was found 
valid: 

s=alog (1 +P) (1) 
where s is the quantity of nitrogen transferred 


through the precipitation P, and & is an ar- 
bitrary constant. The equation evidently 
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implies that the concentration at a given 
moment in the falling precipitation is grad- 
ually decreasing. It has its largest value at 
the beginning of the rain, at which time the 
concentration has the value a. Referred to a 
certain given precipitation the quantity of 
nitrogen transferred is proportional to «. 

For a given locality two quantities seem in 
this connection to be of a general importance, 
namely (1) the quantity of nitrogen, s, trans- 
ferred through precipitation during the year 
and during different parts of it, and (2) the 
quantity «, denoting the nitrogen concen- 
tration at the beginning of precipitation. It 
seems reasonable to assume that « can be re- 
garded as a measure on the nitrogen content of 
the atmosphere before the precipitation 1s 
beginning to fall. 

Now the quantity s of nitrogen transferred 
in every individual case of precipitation has 
been measured only at Ultuna D and it is 
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Fig. 1. Station map. 


from these measurements that the equation (r) 
and consequently also the value of « has been 
computed. At all other stations the quantity 
s measured refers only to the monthly sums, 
Sm: If we assume, which seems reasonable, 
that the transfer of nitrogen at all stations is 
connected to the precipitation already fallen 
through an equation of the general form (1) 
we can on the basis of this assumption and 
knowing the frequencies of different amounts 
of rain compute « for the different stations. 
We have namely then: 


Sm = 2's = aL log (1 +P) 


(2) 
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At this process of adding up, we have not 
taken account to the occurrence of different 
air masses or their trajectories; the coefficient 
æ consequently corresponds to a mean value 
for cases where « has had rather different 
values. As the separation of one case of preci- 
pitation from another often meets with great 
difficulties, a simplified procedure has been 
applied, in the same way as in our previous 
paper: instead of taking the sum corresponding 
to all the separate precipitation values the 
terms have been referred to the separate daily 
totals. As it is not quite clear, without further, 
that this simplification does not include con- 
siderable differences between the results of 
the two methods of computation respectively, 
we have computed «p for the station Ultuna D 
according to the more exact procedure — 
separate occasions of precipitation — and com- 
pared it with the «4 computed for the station 
Ultuna A, situated in the immediate vicinity 


of Ultuna D. In the former case we got à. | 


value: xp = 0.0275, in the latter one: «4 
0.029. For the purposes here in view it there- 
fore seems reasonable to exchange the more 
cumbersome method, which it is not possible 
to apply at most stations, against the simplified 
one. 

If we let n; represent the frequency value 
for different intervalls within the daily precipi- 
tation observations and further P; the corre- 
sponding mean value of the precipitation 
for the same intervall, we get, using "loga- 
ritms: 


Sm = « X'nilog (1 + Pi) 


(3) 


For daily precipitations above 40 mm the 
mean P; has been evaluated to be so mm. 
The total precipitation and the number 1; 
of precipitation days are given in tables 1—2. 

On the basis of these assumptions the table 3 
has been computed. For comparison the 
tables 4—5 also are shown here. They refer 
to the content of NH,-N alone. The reasons 
for not including NO;-N also, will be given 
below. 


Variation of s and & with the time 
of the year. 


It is evident from the results already ob- 
tained that the quantity s is dependent not 
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only of «, the concentration when precipitation 
is starting, but also of the quantity of precipita- 
tion and of its frequency distribution. If we 
assume for a given station as well & as also the 
annual precipitation P to be given, the quan- 
tity s is still undetermined as we do not 
know the way in which P is distributed on 
more or less heavy rains. The more P is de- 
vided up on small quantities of precipitation, 
the larger we ought to expect s to be. On the 
other hand «, as it has been defined above, 
is independent as well of the amount of 
precipitations as of its frequency distribution. 
Its value therefore has a more fundamental 
character than s. 

If we consider first the variation of « with 
the time of the year, we find for all stations a 
pronounced maximum in the spring and a 
minimum in the autumn or the winter. 
Exactly the same annual variation is in fact 
characteristic at the northern hemisphere for 
the content of solid or liquid particles in the 
air which give rise to the scattering of sun 
radiation. The cause of this variation may 
not be a single one. That the instability of 
the atmosphere, which reaches a maximum 
in the spring on account of the heating from 
below, must have en effect of permitting 
dust and pollen to be more freely carried 
from the earths surface to the atmosphere, 
seems rather evident. But it seems also prob- 
able that the effect of precipitation in washing 
out particles or molecules from the atmosphere 
ought to be least pronounced at the time of 
the year when the amount of precipitation 
itself has a minimum. The annual variation 
found to exist, seems on the other hand to 
speak against the electrical discharges in the 
atmosphere as producing to considerable ex- 
tent the nitrogen ions here concerned. The 
electrical phenomena have on the northern 
hemisphere in general a pronounced maximum 
in the summer months July—August, a 
maximum not at all reflected in the variation 
neither of « or s. That thunderstorms, and 
electrical discharges in the atmosphere in 
general, must produce nitrogen ions, espe- 
cially nitrogen oxides and related compounds, 
seems evident from other researches, but it 
seems on the other hand probable from the 
material here treated that phenomena must be 
of a secondary character as regards the causes 
of the nitrogen content in precipitation. 
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Fig. 2. Geographical distribution of annual amount 
of NH, in precipitation (kg per ha). 


The annual variation of s as it appears 


from table 3 is evidently closely related to the 
amount of precipitation. 


Geographical distribution of NH,—N in 
precipitation. 


The stations at which measurements have 
been made of the nitrogen concentration are 
not numerous enough to give more than a 
rather superficial idea of the geographical dis- 
tribution. Yet, in figs. 2—3, an attempt is 
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Fig. 3. Geographical distribution of average value of 
a for the year. The actual values of & are here mul- 
tiplied by 10°. 


made to draw a map showing lines of equal « 
and s. If we make an exception for the station 
Kvarntorp, which will be discussed below, we 
generally find the quantity s to depend on the 
amount of precipitation, in the way that low 
values on the precipitation correspond also 
to low values for s and vice versa. There is, 
however, also a decided dependence on lati- 
tude, in the way that the nitrogen transfer 
through precipitation decreases with an in- 
crease in latitude. The highest values on s are 
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found in the southwestern parts of Sweden, 
where its value in general is considerably 
higher than 3 kg per ha (104 m?). Special 
attention must be given to the high values at 
the stations Kvarntorp and Varpnäs. As re- 
gards the former station the high value is 
undoubtedly a consequence of the industrial 
activity at that place. The same may be the 
case at Varpnäs. 


As regards « there seems to be no decided 
dependence on the total precipitation. The 
most apparent characteristics as regards the 
general distribution seem to be the depend- 
ence on latitude, the values decreasing gener- 
ally from south to north as illustrated in 
figs. 4—S. 

Trying to find an equation satisfying these 
values in their dependence of latitude within 
Sweden, we get: 


& = 0.10 cos*p 4 
and s =9.1 cos?g kg/ha (5) 


I 


As well « as s refer here to the NHy-N 
alone. It could perhaps be expected that a 
similar treatment as that described above would 
give us the geographical and annual variation 
of « and s, referred to NO;-N, which nitrogen 
element has also been measured in a similar way 
as NH4-N. However, in the course of the 
treatment of the material of observations, it 
became clear, that only the momentary meas- 
urements of NO;-N, referring to separate 
days or separate occasions of precipitation 
could be fully depended upon. The measure- 
ments referring to accumulated NO;-N for 
the month or longer periods were affected, 
from causes still not clear, with considerable 
errors. Only the measurements of NO;-N at 
Ultuna could therefore be regarded as re- 
liable. In order to get an idea of the probable 
transfer of NO;-N in its geographical and 
annual variation, we therefore were induced 
to base our considerations on the intimate 
correlation found to exist between NH4-N 
and NO;-N at Ultuna D. This correlation 
is clearly demonstrated in table 6. If we 
compute the correlation coefficient between 
the quantities of N transferred in the form of 
NH4 and NO; respectively (in gram per 
ha), we get: 


f =/0:777) aE 0.025 
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The relationship can be well expressed 
through the linear equation: 


SNO3 = 0.485NHa 


which implies that the quantity of nitrogen 
transferred to the ground in precipitation in 
the form of NO; is just about the half of the 
quantity transferred as NO,. 

Consequently, in order to get total quan- 
tity of nitrogen transferred through precipitat- 
ion, we have to add 50 per cent to the values 
for NH; alone, viz to the values on the maps 
fig. 3 and in the table 4. 


Remarks and suggestions 


A historical survey on the investigations 
concerned with nitrogen in precipitation has 
been given by Erik Eriksson (1952). Another 
very valuable survey has been presented by 
G. EVELYN HUTCHINSON (1945). Both papers 
together give a rather clear idea of the pres- 
ent state of the question. We may then limit 
ourselves to mention here some results of 
immediate bearing upon our present work. 

In the first place some researches of A. H. 
Woopcock (1952) of SUGAWARA (1949), and 
of Y. Miyake and Y. SıcıurA (1950) to which 
our attention has been drawn after the writing 
of our first paper ought to be mentioned. 
These authors have all investigated the chloride 
concentration in rain, and they have obtained 
results similar to our own in the respect that 
the concentration generally decreases with 
time and with the intensity of rain. In fact 
the two last named authors in their common 
paper arrive at a formula for the concentra- 
tion of chloride as a function of the precipi- 
tation previously fallen very similar to our 
own for combined nitrogen. Woodcock in 
his very interesting paper enters in detail into 
the process through which condensation takes 
place upon small salt particles and upon the 
way in which larger drops are assimilating 
smaller ones. Their results seem of great 
interest for the question concerning rain for- 
mation. 

As regards chloride there seems to be no 
doubt that it enters the precipitation either as 
condensation nuclei or is caught in the form 
of particles or small drops at the falling of 
larger drops. In our present case the question 
is open as regards the way in which combined 
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Fig. 4. Variation of « with latitude. 
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Fig. 5. Variation of annual amount of NH, (kg per 
ha) with latitude. 


nitrogen is introduced in precipitation. Does 
it exist in a gaseous, liquid or solid state before 
the assimilation into drops of rain or cristals 
of snow? Perhaps the similarity between our 
results and those of the authors mentioned 
above, concerning the rate of decrease of 
concentration with amount of precipitation 
or intensity would suggest a similarity also of 
the form in which the salts are present, viz. we 
would be inclined to conclude that the nitrogen 
compounds here investigated are also chiefly 
present in form of particles or dissolved in 
small drops, in the way that the laws governing 
their entrance into precipitation will be the 
same as for the case of the chloride particles. 
This conclusion, however, must be put for- 
ward with great reserve, as it seems probable 
that nitrogen, especially as ammonia, is trans- 
ferred to precipitation in several ways among 
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Table ı 
Precipitation during the whole 
period 1/191947—%0/9 1950. 
Station mm 

Num- Station = = a 5 if 
ber = El 3 = Ss 
el ea aa er 

D Z 2 


1 | Riksgränsen .| 547| 975| 1,047| 459] 3,029 


1539 | Brännberg...| 391] 345| 401| 365] 1,502 
2083 | Norrfors.....| 351] 383] 524] 410] 1,669 
1469 | Gisseläs..... 375| 562| 326| 348| 1,610 
1846 | Offer.......| 333] 579| 450| 300| 1,662 
1273 | Norrsundet..| 233] 446) 416| 252| 1,348 
1222 WViassbDos. 2.2 308| 577| 475| 342| 1,701 
1897 | Stjärnfors...| 408] 722| 621| 503| 2,254 
209 | Ultuna A,...| 292] 600] 394| 318| 1,603 
1345 | Varpnäs..... 342| 682] 566] 426| 2,016 
2014 | Kvarntorp...| 271] 618} 442] 292] 1,623 
1489 | Stockholm...| 276] 628} 333] 312] 1,549 
233, 6116850. oo 65 343] O11] 466] 410] 1,831 
VIG || TS ER Oo 324] 565] 427] 380] 1,697 
1809 | Lanna 307] 550] 434] 306] 1,598 
1185 | Kristineberg.| 415] 592] 672! 563] 2,242 
270 | Bjärka-Säby.| 348] 522] 360] 348] 1,578 
570 | Tovehult....| 360] 443] 440] 439] 1,682 
2AOMBEIAQUERE er 411| 611| 642| 561| 2,225 
1976 | Rossared....| 455| 709] 750| 636| 2,549 
1806 | Ambjörnarp .| 468| 649] 857! 665] 2,638 
1817 | Skärshult....| 396] 671| 643] 533] 2,243 
1983 | Halmstad fl..| 449] 533] 678| 556| 2,217 


305 | Svartingstorp; 266] 416] 400] 331] 1,422 


1336 | Bräkne-Hoby| 270] 478] 405] 366] 1,518 
358 | Kolleberga...| 456] 566] 573] 674] 2,268 
925 | URerU Da. re 318] 465] 415] 417| 1,615 
Syl || Nee 362] 443] 394] 409| 1,608 


which absorption in the gasous state is cer- 
tainly not to be totally neglected. 

A great problem seems now to be concerned 
with the way in which the fixed nitrogen in 
precipitation is created. HUTCHINSON (1944) in 
his survey gives the following summary of the 
sources for combined nitrogen which can be 
imagined, namely: 


a) From soil and the oceans 

b) From fixation of atmospheric nitrogen 
(1) Electrically 
(2) Photochemically 
(3) In the trail of meteorites 

c) From industrial contamination 


It seems evident from what is well known 
concerning these phenomena, that they all 
to some extent are able to produce fixed nitro- 
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Table 2 


Number of precipitation days during the whole 


period 1/15 1947—*"/y 1950 
Station 


>10 
mm 


20 
mm 


HOT 
mm 


= 40 
mm 


number 


mm mm 


ee ee ee eee ee 


I 612 515 214 WE 47, I 


1539 386 262 102 38 5 

2083 346 280 104 47 10 3 
1469 480 315 | .103 31 5 

1846 449 289 105 39 10 I 

1273 373 234 90 40 5 I 
127 355 289 112 50 72 


1897 488 359 151 61 16 
209 417 289 108 35 
1345 476 298 124 60 12 


D 


20I4 351 278 105 49 8 2 
1489 484 291 IoI 33 9 
2331 "477 ı 306") EEO "56 9 
1433 416 283 109 45 12 
1809 | 438 | 299 99 | 40 5 


1081 Aromen, 1571 A 14 
270 387 286 14187 44 3 
570 400 278 IIS 54 6 
246 521 381 155 60 II 
1976 | 414 | 349 | 185 | 87 22 
1806 527 412 192 81 se I 
1817 492 368 159 57 8 ai 
1983 | 544 | 384 | 157 | 57 9 
305 | 401 | 283 SO SE 7 
1336 384 311 100 2 5 I 
358 463 360 164 64 10 
92 446 321 106 31 6 
DZ 490 317 115 31 7 


gen. The question, however, is: what must be 
regarded as a chief agent? Hutchinson excludes 
in this respect, as it seems on well founded 
reasons, c. This source gives fixed nitrogen 
to some degree but it is far from sufficient to 
explain the actual transfer. 

If we consider only our own material of 
observations, here treated, we must state, 
that there is no indication that an electrical 
production plays an important part. If that 
would be the case we would expect the 
concentration to be rather large in summer, 
when thunder and atmospheric electrical 
discharges occur, and very small in autumn, 
winter and spring, at which times, in our 
climate, practically no such phenomena occur. 
Now, as we have shown, there is a pronounced 
maximum of the concentration in spring in 
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Table 3 
Station *NH,-N 
Number ; 

Spring | Summer Autumn | Winter Year 

I 0.006 0.020 0.004 0.007 0.009 
1539 0.022 0.022 0.021 0.018 0.021 
2083 | 0.029 | 0.024 | 0.008 | 0.008 | 0.016 
1469 0.032 0.025 0.018 0.012 0.022 
1846 0.049 0.032 0.015 0.022 0.029 
1273 0.021 0.014 0.012 0.015 0.015 
I22 0.047 0.020 0,018 0.022 0.025 
1897 0.038 0.019 | 0.019 | 0.019 0.023 
209 0.046 0.025 0.027 0.022 0.029 
1345 0.092 0.043 0.050 0.025 0.050 
2014 0.089 0.078 0.089 0.082 0.084 
1489 0.036 0.022 0.026 0.022 0.026 
233 0.038 0.016 0.015 0.011 0.019 
1433 0.035 0.024 0.022 0.014 0.025 
1309 0.038 0.032 0.023 0.027 0.030 
1185 0.033 0.019 0.021 0.020 0.023 
270 0.039 0.026 0.022 0.018 0.026 
570 0.042 0.026 0.019 0.014 0.024 
246 0.047 0.045 0.025 0.027 0.035 
1976 0.039 0.027 0.025 0.030 0.030 
1806 0.043 0.029 0.034 0.017 0.031 
1817 0.025 0.027 0.017 0.013 0.020 
1983 0.032 0.025 0.030 0.027 0.029 
305 0.045 0.047 0.024 0,018 0.033 
1336 0.057 0.024 0.020 0.016 0.027 
3584| 0:03741.0.060 | 0.038 | 0.015 || 0.036 
925 0.047 0.059 0.041 0.031 0.044 
347 0.036 0.033 0.038 0.019 0.032 


our country. This speaks against an electrical 
source, even if we also have to consider that 
tropical air masses are coming from regions 
where other electrical conditions prevail. 

In seeking for an explanation of the nitrogen 
content of precipitation within the temperate 
zones, it seems to us that there are chiefly 
two rather important facts, which ought to 
be kept in mind. The first one concerns the 
almost constant ratio of one against two, in 
which NO;-N appears compared with NH,-N. 
Hutchinson has given a graphical demonstra- 
tion of this fact, largely based on a table by 
Miller. It is strongly supported by the obser- 
vations here treated. The high correlation 
shows that it is in Sweden characterized by a 
rather high regularity. 


The second fact which seems important 
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Table 4 
Total amount of NH,-N 
Station kg/ha 
Number é 

Spring | Summer | Autumn | Winter Year 

I 0.20 0.74 0.15 0.18 2727 
1539 0.40 0.37 0.38 0.35 1.50 
2083 0.53 0.38 0.19 0.18 1.28 
1469 0.61 0.63 OLAR 0.24 1.89 
1846 I.oo 0.72 0.36 0.43 DE 
1273 0.31 0.28 0:23 OC 1.03 
122 0.68 0.51 0.42 0.42 2.03 
1897 0.78 0.56 0.52 0.48 2034 
209 0.80 0.61 0.56 0.40 227 
1345 356: I.TT I.24 0.50 4.41 
2014 I.30 1.79 1.84 1.47 6.40 
1489 0.64 Ons 0.55 0.43 210 
233 0.68 0.42 O.41 0.26 177 
1433 0.62 0.50 0.52 0.30 1.94 
1809 0.65 0.76 0.56 0.51 2.48 
1185 0.67 0.43 0.61 0.56 227 
270 0.68 0.65 0.43 0.34 2.10 
570 0.67 O.41 0.43 O. 27 Dans 
240 0.99 I.20 0.74 0.78 ST 
1976 0.80 0.78 0.73 0.84 3.10 
1806 1.08 0.86 1.24 0.50 3.68 
1817 0.55 0.71 0.52 0.30 2.08 
1983 0.76 0.58 0.92 0.85 3x 
305 0.72 0.95 0.46 0.32 2.45 
1336 0.84 OS 0.44 0.36 ZN, 
358 0.81 1.36 1.02 0.46 3.65 
925 0.84 127 91 0.71 3-73 
347 73 O7 0.91 0.45 2.80 


concerns the similarity between the laws 
governing the decrease in concentration of 
nitrogen compounds in precipitation on the 
one side, and the chlorides on the other one. 
It suggests a similarity in the way in which 
the two kinds of compounds occur, viz. as 
some form of particles or drops. 

The constant ratio seems to us to show 
that in our regions the productions of NHy-N 
and NO;-N are intimately bound to one an- 
other, and that when the one compound is pro- 
duced the other automatically is produced also. 
The simplest way in which this would occur 
would be through a photochemical process, 
occurring for instance in small droplets, where 
the free nitrogen of the atmosphere, according 
to the laws of gaseous absorbtion of nitrogen 
in water, must be present to a concentration 
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Table 5 
Mean concentration of NH,-N 
Station mg/I, 
Number Spring | Summer | Autumn | Winter Year 
I OT 0.23 0.04 OT2 OS 
1539 O.29 0.32 0.29 0.31 0.30 
2083 0.43 0.30 0.10 0.12 0.22 
1469 0.49 0.34 0.36 0.22 0.36 
1846 0.84 0.37 0.22 0:48 0.44 
1273 0.39 0.19 0.16 O2 0.24 
122 0.66 0.27 0.23 0.36 0.34 
1897 0.57 0.23 0.25 0.30 0.32 
209 0.83 0.30 0.41 0.38 0.44 
1345 1937 0.49 0.66 0.43 0.68 
2014 1.44 0.87 1:20) 1.52 I.20 
1489 0.69 0.27 0.49 0.43 0.43 
233 0.58 0.20 0.24 O7 0.27 
1433 05% 0.27 0.35 0.24 0.34 
1809 0.64 0.42 0.36 0.50 0.46 
1185 0.49 0.22 0.26 0.28 0.30 
270 0.59 0.37 0:35 OST 0.40 
570 0.66 0.35 0.31 0.23 0.38 
240 0.76 0.59 0.34 0.43 0.51 
1976 0.52 0.31 0.30 0837 0.36 
1806 0.66 0.40 0.40 0.24 0.41 
1817 OT OST 0.2 0.19 0.28 
1983 OST 0.36 0.41 0.44 0.43 
305 0.80 0.68 0.36 0.33 0.54 
1336 0.94 0.33 0.33 On 0.43 
358 0.54 0.72 0.52 0.20 0.48 
925 0.79 0.82 0.66 0.56 O7 
347 0.60 0.48 0.64 0.36 0.52 


of about 15 mg/lit. A simple reaction according 
to the formula: 


12N + 18 H,O=4 NH,NO; +4 NHyOH+O, (6) 


evidently gives us just the result found to 
exist, namely two times as much NH;-N as 
NO,-N in the drop. If such a process actually 
takes place it can occur in many ways, possibly 
with one or more intermediate steps. What 
here seems worth to point out is that in a 
water particle, either solid or liquid, all the 
material is already at hand if the agency able 
to produce such a reaction comes into play. 
The possibility of certain sea water salts 
acting as catalysers or even part-takers must be 
taken into consideration. The process suggested 
above only needs to transform about 3 per 
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Table 6. Frequency numbers of simultaneous values 
of nitrogen amount s expressed in gr/ha. Totally 
117 different cases. 
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cent of the nitrogen present in the drop in 
free state, in order to give the concentration 
of fixed nitrogen found to exist in precipitation. 
Experiments are evidently needed in order to 
decide this question. If such a chemical action 
is found actually to be produced by some 
wave lengths of sun light entering the tro- 
posphere, such a result will evidently be of 
utmost importance. Not only will it explain the 
constant ratio relationship found at high lati- 
tudes, but it will also explain the similarity of 
the washing out process in the cases of chlorides 
on the one side and nitrogen compounds on 
the other. Further it will suggest the possibility 
of a new kind of cosmical influences on pro- 
cesses of biological nature through variations 
in the composition of sun radiation. 
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C. Sulfur in rainwater 


Unlike the nitrogen most sulfur determina- 
tions in rainwater have been carried out 
comparatively recently. The greater part of 
the investigations were carried out in the 
U.S.A. where an extensive survey of the con- 
tribution of atmospheric sulfur to the soil has 
been made for agricultural purposes. 


1. Methods and analysis 


The analytical procedure has mostly in- 
volved a precipitation of the sulfur compounds 
as BaSO,. If properly done this is a satisfac- 
tory procedure. A division between sulfate 
sulfur and other forms of sulfur has rarely 
been done. If other forms of inorganic sulfur 
are present in rainwater they are generally 
rapidly oxidized by dissolved oxygen to sul- 
fate. 

The sampling of rainwater for sulfur anal- 
ysis has mostly been done in metal containers 
which, as Arway et al. (8) pointed out in 
1937 may give too large figures for the sulfur 
in rain. Most metals adsorb SO, directly from 
the air which is then oxidized to SO, and 
washed down into the containers with the 
rainwater as H,SO,. In areas of a high atmos- 
pheric pollution the contribution by this 
adsorbtion can amount to six times the sulfur 
actually present in rainwater. 

It is obvious that under such circumstances 
most of the figures on the amount of sulfur 


in rainwater are too high. An absorption of 
SO, by the soil itself and even by the plants 
can, however, also occur. (THOMAS 283, 284.) 
Therefore the rainwater analysis may represent 
the total sulfur income by soil which from 
agricultural point of view is of most interest. 
But in the discussion on the origin of sulfur in 
precipitation they are of but little use. 

The yearly averages from different states 
within the U.S.A. are shown in table 6 and 
results from other parts of the world are in 
table 7. 

From table 6 it will be seen that the average 
yearly amounts of sulfur vary very much 
even within the same state due to differences 
in atmospheric pollution. There are also 
significant differences between different states 
(or probably better, between different in- 
vestigations) which at least partly may be 
due to different sampling techniques (different 
sampling gauges). There are some striking 
differences between different states, compare 
e. g. Alabama, with Indiana. Both are fairly 
recent. 

The U.S.A. investigations cover the eastern 
central area of the country. 

The European figures are generally lower 
than those from the U.S.A. Some of the 
Russian figures are low and may therefore 
correspond to fairly uncontaminated air in 
continental areas. The New Zealand figures 
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Table 6. Sulfur in precipitation in the United States and Canada. 
À 


Precipi- 
Ref. Place Period tation ane kg 
mm S/l S/ha 
Alabama 
294 Auburn SE AE RR 1940—1943 — — 6.0 
294 iBinmin SAN fog as ete ee 1940—1943 — — 34.2 
294 Block Belt Subst. Marion Jet......... 1940— 1943 — — 6.3 
294 Bxpetield @ Alexandra, "75.240 ae 1940—1943 = — 6.3 
294 » NCIS teens De 1940—1943 — — 5.6 
294 » Ne Montoevilleseke cd. 1940— 1943 — == 4.8 
294 » da PA CENTER RE a dos ces 1940— 1943 == == 5.6 
294 Gulf Coast Subst. Fairhope.......... 1940—1943 = — 6.5 
294 ANS TON TEE ATEN Ne spa es wee 1940—1943 —- — 3.2 
294 Sand Mountain Subst. Crossville...... 1940— 1943 — — 6.8 
294 Wireerass:Subst. Headland........ 1940—1943 — — 4.6 
Georgia 
204 EIPERIDENER ee & Sin ren denne 1940—1943 = == 7.8 
Illinois 
95 CINEMA = ary Re Ce Hn Scene Er 1921/22—1922/23 = — 234 
95 NES TS DS ER CE 1921/22-—1922/23 — — 61.6 
279 Wir Danae TER I A 1913—1917 — — 50.5 
Indiana 
26 Tache Schere ser 1946/47 — == 34.0 
26 Byansvalle-.r zus... ano Sa are saree 1946/47 - — 32.5 
26 (CERO Ae ASS, PORTE ee 1946/47 — — 142 
26 Iudtanopolise CR. <u 1946/47 —— — 36.5 
26 LEO Santana 1946/47 — — 24.3 
26 PATATE RS ee kennen 1946/47 — 2 26.0 
26 PMORBETEN aan ee kenn 1946/47 — = 30.6 
26 Montgomery, ea 1946/47 — — SO 
26 OA Tee ele nee ren 1946/47 — — 28.9 
26 SI SUR RE ue comme: 1946/47 — — 582 
Iowa 
100 Se Pace tet GMCS: LOS CoD DC CD DE à 1921 — = 16.7 
HN, LOL, MountMernon|(Toears) ar..." 1913/14—1931/32 — == ZT, 
235, 246, 
269, 290, 
306, 313. 
Kentucky 
253 Greenville ca. a rt: Mena 1921/22—1922/23 —— — 40.3 
253 Ibesahnfangein ERS Fan oc cu terse cena sere eels 1921/22— 1922/23 — — 46.1 
153 » "MS miles from center... 1921/22—1922/23 — — 26.6 
153 incolmelnst. obellby ville ee oe 1921/22—1922/23 -- — 19.1 
153 IME anil Gle e's ATOS oo oem 1921/22—1922/23 — 29.0 
153 Paducale ee. ecoute 1921/22—1922/23 — — 38.0 
153 Russell Seren 1921/22— 1922/23 = — 40.3 
Minnesota 
8 Minneapolis, Weather Bureau........ 1936—1937 — — 170 
8 » , University Farm ....... 1936—1937 — = 30.1 
8 Paseo meet ceci eee 1936—1937 —- — 8.2 
8 IBS TAUGHT à 99000 on 0 UOMO oe 1936—1937 == — 5.0 
Mississippi 


294 Stars CONS oc canot he ee 1940—1943 — — 5.8 
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Precipi- 
: m k 
Ref Place Period tation 5 8 
i mm S/l S/ha 
BEE. EB Oe RS BEE es eee tS eee ee ee eee Se FT 
New York 
310 Alfred. cesser eee ce 1923/24—1924/25 = — a 
310 Brock potters sclera coe ee 1923/24—1924/25 — — 6.7 
75 Geneva ee een echec eee I1919—1928 — — 
30803097310. Er Ithacare RE CECI TT ETC Dee 1915/16—1925/26 — — 38.3 
Oklahoma 
132 Goodwellk. CPAM ene ly 2 ec 1933—1934 —— — 6.5 
132 Guthrie... Ra ehe 1931—1939 — — 9.0 
122 Heaven. 2 See an 1934 — — 19.0 
32 Lone Grove... RP ee 1934, 1936 — — 10.8 
132 Stillwater sh. Aa 5 Tote dar 1927—1942 — — 9.9 
Tennessee 
195 Columbia ee whe ave eee mme 1919—1921 u — 29.5 
195 Coppers ear water EE 1919—1921 = — 260 
195 >» „© mules from center...... 1919—1921 — — 80.9 
195 Crossville RE EE te 1919—1921 — — 14.2 
195 Jackson er rer 1919—1021 — — 66.2 
294 Jackson ra ee a 1940— 1943 — — 14.8 
195 OR VIe Heaton ona RER ee 1919—1920 — — 103 
195 » „ University. Barn.) 0e 1917—1920 u — 48.0 
195 » mlessiromseentere.. ar: 1917—1920 = _— 20.7 
195 Londons Meet PE TO CE 1919—1921 — — 21.6 
195 MIG GEO's. se unes ee unes ren 1919—I921I — = 25.5 
Texas 
114 IANSTELONE CT oo abe SE ae On 1924—1928 —— _— 10.6. 
II4 Balhorheane rs ee 1924— 1928 a _— 4.6 
II4 BEAUMONT: tere re 1924— 1928 = — 172 
114 PCE VIS Seo hrs era © oct eve 1924—1928 — — 7.4 
II4 Chillisothe. ch arena 1924—1928 — — LE 
114 College Stan (Main EE Re 1924—1928 — — 14.2 
II4 DENton EME EUR co era 1924—1928 — — 13.2 
114 TET DOC RME EE CORRE RE ER 1924—1928 — — 13.4 
114 Nacogdoches eee nero D RE 1924—1928 — — 13.4 
114 SAN ANTONIO merc cat ee doit os 1924—1928 — — 2 
II4 SUPER a re Ne ae A 1924—1928 — — 9.0 
114 Temples ARR EE AS te. 1924—1928 — — 10.0 
114 ROU EME M RER ee 1924—1928 — — 10.2 
114 NNeslacos PE au: mit cote 1924—1928 — — 17.4 
Virginia 
99 Blacksburg Name MET RER steerer 1923—1928 — — 18.9 
Wisconsin, Canada 
135 Madison one ot rites Rae ere 1910 — _- 7.8 


are fairly representative of conditions in rainwater. In densely populated areas the 

uncontaminated air in coastal places. winter months are highest in sulfur due 
The yearly variation is as a rule greater in to increased coal consumption during this 

areas of a high degree of atmospheric pollution season. 

than in arcas of a low. In the results from several years of investiga- 
The monthly variation is interesting from tion there are sometimes trends, the values 

the point of view of the origin of sulfur in increase during the period, indicating an in- 
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Table 7. Sulfur in precipitation in Europe and other countries except America. 
re UN AR ee ig i Re NE 


Ref. Place 


Precipi- 
Period tation 8 kg 
mm S/1 S/ha 


Em CU 


Ba 1931/32 (600) 16.0 (96) 
wee 1934/35 (600) 2.5 (15) 
sie 1933/34 405 3.3 13.4 
...| 1881/82— 1886/87 760 1.0 7.9 
200 1907/08 720 1.4 10.2 
See 1909/10 646 4.9 31.5 

1909/10 669 4.8 31.7, 
AR 1909/10 522 1.4 Tes 
ae 1909/10 486 .9 4.3 
eae 1909/10 660 4 Peg] 
Pes 1909/10 339 6.5 22.1 

1909/10 476 8 337 
oor: 1909/10 541 4 223 
LE 1884—1887 750 9 6.8 


Europe 
27,028 RANCE PBANISNN ket ce oe ER sn à 
27, 28 GEBOTE en Es 
188 Germany: Müncheberg............ 
213 Great Britain: Rothamsted........ 

81 Gartosch rt. ade: 
312 Teusstasleeningrad nur de 
312 » outskirt of town.... 

Bawloski.. 2. ta: 
Sapolje, Kreise Luga...... 
Smolenskaken een 
Wekkaterineslaw:scnrsste en. 
Schotilowska, Tule distr...... 
Borowoje, Ssarnara....... 
New Zealand 
125 imcoln Canterbury. sos eee cscs: 
Asia 
216 Moktor japan... iene des Sessel 


age 1938 — 1.9 — 


creasing degree of atmospheric pollution. This 
can be observed in the figures from Ithaca, 
N.Y. (310) where the yearly amount in- 
creases regularly from 1919—20 to 1925—26. 
In other places, e.g. in Stillwater, Oklahoma 
(132) no regular trend can be observed but 
rather periodic fluctuations. The variation in 
the yearly amounts in Ithaca and Stillwater is 
shown in fig. 7. 
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Fig. 7. The yearly amounts of sulfur in precipitation 
in Ithaca, N.Y. and Stillwater, Okl. 


2. Origin of combined sulfur in the 
rainwater 


As mentioned before sulfur present as sulfate 
has usually been estimated in the analytical 
procedure. In one instance (81) sulfide, sulfite 
and organic sulfur have also been determined 
besides sulfate sulfur. But then no division 
between sulfide, sulfite and organic sulfur was 
made. 

There is probably very little of sulfide and 
sulfite present in rainwater, as H,S is rather 
volatile and probably exists only as a gas in 
the air. Sulfite is rapidly oxidized to sulfate 
by dissolved oxygen in the rainwater but may 
be present in the air in appreciable concen- 
trations. 

There are several probable sources of sulfur 
in the atmosphere. One of these is coal which 
on combustion releases considerable amounts 
of sulfur. In industrial areas it has been noted 
that the yearly amounts of sulfur brought down 
by precipitation is very high. There are a 
number of recent investigations carried out 
to asses the degree of atmospheric pollution 
in industrial centres; but these will not be 
referred to in this paper. One of the earlier 
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investigations, however, of great agricultural 
interest was carried out in Leeds and its vicinity 
around 1910 by CROWTHER & RUSTON (81) 
(see also CROWTHER & STEWART 82). The re- 
sults show very clearly that sulfur in precipi- 
tation is a very sensitive indicator of atmos- 
pheric pollution caused by industries. Even at 
s km distance from the centre of Leeds 170 
kg S per hectare and year was brought down 
by precipitation and at 11 km distance it 
varied between 57 and 108 kg. 

Apart from coal, sulfide ores used in industry 
certainly contribute to the sulfur content of 
the air. 

Another source is organic matter which, on 
decay may give off hydrogen sulfide to the 
atmosphere which is oxidized to SO, and 
dissolved in the rainwater. The rate of delivery 
of hydrogen sulfide in this way will depend on 
the season. Hydrogen sulfide, formed by the 
reduction of sulfate in the sea is another source 
of atmospheric sulfur as suggested by Con- 
way (78). 

A great source for atmospheric sulfur is, no 
doubt, the sea. The sulfate is brought into the 
air by spray and precipitated by rain water. 
In coastal areas it is therefore interesting to 
study this contribution from the sea. 

It is fairly well accepted that the main 
source for chloride in rainwater is the sea, 
and the only way it can be derived from there 
seems to be by spray. Comparing the ratio 
Cl/S in rainwater and in sea water in coastal 
districts, Gray (125) in New Zealand observed, 
however, that this ratio was smaller for rain- 
water than for sea water. As the place where he 
collected the rainwater was situated on a 
small peninsula far from industries it could be 
expected that the ratio would be the same, 
as long as the proportion of chloride and sul- 
fate is the same in the spray from the sea as 
in the sea water. In table 8 some values of the 
Cl/S ratio from different places are tabulated. 
It is seen that the New Zealand values come 
nearest to the expected values. There is 
also a seasonal variation, the winter and spring 
values being highest. This can be due to an 
accelerated liberation of H,S during the sum- 
mer and the autumn, not only from the soil 
but also from the sea. 

It is remarkable that even the highest values 
of the Cl/S ratio in rainwater are only half as 
great as in sea water. Unless the washing out 
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Table 8. The ratio Cl/S in precipitation 
in some places. 


Ref. Place CIS 
125 | Lincoln, Canterbury New Zealand 
Sept. t0 INOW: ch COPIE 11.05 
Dec: to: Febriw a NME Aa se 9.86 
MaxchytouMiawvene EC bos eon 9.00 
MUDÉSOPATE EEE CC CCE 10.89 
281 | Sugashima, Japan at the see........ 5.85 
281 | Nagoya, » 4000 mfromthesea| 6.31 
281| Matsumato, » 100 km » » » .92 
170| Holland 440 mfrom the sea....... 8.70 
170 » 2280 » » ee à AC oc 5.70 
170 » 3000 » » » D Pets.ca suet 5.24 
170 » 5600 » » ve LATE 3.83 
170 » 48000 » » bah ee 2.61 
170 » 86000 » » NY eet cto 2.18 
Sea water MMM. ee ee 21.5 


of the salts from the air is selective it can be 
inferred that only half of the sulfur in rain- 
water from this place is derived from the 
sea by the same mechanism as the chloride; the 
rest must have been delivered in another way. 

The distance from the sea has a great in- 
fluence on the Cl/S ratio as seen from the 
dutch values. In France, however, FARCY (105) 
has found a quite opposite trend, the Cl 
content being rather constant inland while 
the S was highest at the coast. 

There is a recent investigation carried out 
in Australia by ANDERSON (13) on the compo- 
sition of lake waters in arid districts compared 
to the composition of sea water (see table 9). 


Table 9. The relative composition of some lake 
and river waters in south east Australia: 
Cl + Br = 100. 


Lake 
Corangamite 
— 5 5 
Jan. 4 June 12 et Snarket| Sea 
er: Of) Creek | water 
or River 
water 
fewer water 
level 

Cl+ Br |1oo 100 100 100 100 
CI “= 99.84 | 99.86 | 99.86 | 99.85 
Br — .16 .I4 .14 5 
SO; 2.99 2.89 6.5 8.2 10.26 
CO: OI .60 — Tez 
HCO, 86 54 | 7x 5.0 } 45 
NO; — — 7 — 
Ca .29 LE 9.7 5.5 3.83 
Mg 13:00 73 2708804 32 19.59 
Na 86.26 | 87.00 | 65.7 74-7 85.17 
K 3.95 3.21 3.8 2.4 1.82 
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The runoff from some of the lakes is very small 
and practically all their chlorides are derived 
from the sea, carried inland and precipitated 
by rain. He found, however, that the relative 
sulfate contents in these lake waters were less 
than in the sea; sulfate being lost in some way. 
Anderson suggested that this loss was due to 
the reduction of SO, to H,S as there was a 
definite smell of H,S around the lakes. It is 
also seen from the CO; and HCO, contents 
that the pH of the waters must have been 
quite high, apparently due to this reduction 
process. The loss of sulfate by reduction to 
HS in the lakes must have been very high 
and proportionally higher than in the sea 
as it can be expected that the rainwater 
carried relatively more sulfate than chloride 
from the sea. 

An interesting investigation was carried out 
by Boss (46) on the south west coast of Africa. 
Due to a cold water current in the sea reaching 
the surface at this place there is a permanent 
fog in this district which is a desert. He found 
that the fog was relatively richer in sulfur 
than in chloride compared to sea water and 
that the proportion of sulfur increased in- 
land. For an explanation he suggested a small 
sulfur cycle which took place in the following 
way. Both chlorides and sulfates are carried 
inland by the fog but the chlorides seems to be 
leached down into the soil much easier than 
the sulfates especially as most of the latter 
are in the form of MgSO,. During dry weather 
fine particles of MgSO, are carried from the 
earth’s surface to the air where they serve as 
condensation nuclei. Very little sulfate is 
actually lost in this way and the process leads 
to an enrichment of MgSO, in the top soil 
while chlorides are leached down into the 
subsoil. Perhaps such a small cycle of sulfur 
is partly responsible for the lower Cl/S 
ratio in rainwater compared to sea water. 

To summarize it can be concluded that a 
great part of sulfur in precipitation is of oce- 
anic origin either brought into the air by 
spray or as H,S formed by reduction of sul- 
fate in the sea. Another source of sulfur in 
rainwater is coal, sulfide ores and wood 
which, on combustion, liberate considerable 
quantities of sulfur. A third source is H,S 
liberated from organic matter on decay, 
and a fourth may be of inorganic litospheric 
origin. 
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D. Chloride in precipitation 


1. Results from different places 


The first determinations of chloride in rain- 
water were made at the beginning of the 
nineteenth century but the first more system- 
atic work was not published until 1851 when 
ARAGO (14) in Paris reported monthly amounts 
for a half year period. Another systematic 
investigation was carried out by SMITH (277) 
who in 1872 published his well known “Air 
and Rain”, where he has given analyses of 
rainwater collected at different places in the 
British Isles. Some of the chloride analyses in 
his work are given in table 11. 

One of the longest series of analyses was 
carried out at Cirencester by Kincu (158, 159) 
covering a period of 26 years. 

The determinations of chloride in rain- 
water has, of course, been made mostly for 
other reasons than agricultural. The salt trans- 
port from the sea may be of agricultural but 
is also often of technical value. In meteorology 
chloride in rainwater is of great interest as it 
can probably give a good indication of the 
origin of the air masses. 

The amount and composition of chloride 
in rainwater from different places are tabulated 
in table 10. The European investigations are 
not so extensive as the corresponding ones for 
ammonia and nitrate and the American ones 
are also few, compared to the sulfur investiga- 
tions. The New Zealand and Australian in- 
vestigations are rather extensive because of 
the great practical importance of the salt 
transport from the sea by rain in these places. 

The amounts and concentrations of Cl in 
rainwater do not vary very much in inland 
places whereas coastal places show a great 
variation. Remarkably high figures are how- 
ever obtained from Iowa and Tennessee in the 
U.S.A., places which are really inland situated 
at great distances both from the Pacific Ocean 
and the Atlantic. For Iowa it has been assumed 
that all chloride in rain water is derived from 
the sea as no other likely sources exist in the 
neighbourhood. 


2. Origin of chloride in precipitation 


It was suggested long ago that the sea was 
the greatest source for chloride in rainwater as 
rainwater in coastal places contained by far the 
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Ref. 


131 
EST 
131 
131 

14 

43 
188 


158, 159 
213, 254 


St 
312 
312 
312 
312 
312 
312 
312 
312 
209 


23 

15, 117, 
235, 246, 
290, 306, 
195 

195 

288 

133 

133 


216 
216 
216 

IS 
226 


161, 
209, 
313 
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Table 10. Chloride in precipitation at different places. 


Place 


Europe 


Denmark: AASKOVe TEE eee oon eae 
BIADESTOU a te ee 
Hommes SU 
Spangspjereo.n «c= sek ws or 

Brantes PAIS sci sn scans x «oi 


Germany: Müncheberg.............. 


Great Britain: Cirencester 


Russia: Leningrad 


» outside town...... 
PAWIOWSER GR hee alk sa cs 
Sapolje, Kreise Lugar....... 
STITT ATO ee RR Re ee ee 
iPekateneslaw echec ces oe 


Schotilowska, Tule distr. 
Borowoje, Ssarnara 


Spain: La Guardia (at the coast)..... 


America 


Geneva N.Y 


Towa: Mont Vernon (8 years) 


Tennessee: Knoxville < . ... 0... 25655 
» Univ. Farm.... 


Kansas: Madison 
SENT EI cx. cs 
British Guiana: Georgetown 
Asta 
FAP Wok yO sores u LR ase 
Kobe 
Hamamatu 
India: Ceylon 
Bombay 
Africa 
Bloemfontein, South Africa 
Cedera, » 
Durban, » 


Grahamstown, » 


New Zealand 


Rangatai 500 
Baring Head. 500 
Kelburn 6500 
Pirinoa 6500 
Belmont Hills Sooo 
Levin 10000 
Wallaceville 18000 


Palmerston North 32000 


Martinborough 32000 
Te Awa 48000 
Waingawa 61000 


Lincoln, Canterbury 


miromthesea 
> » > > 
» > > » 
» > » > 
» » » > 
» » » » 
» > > » 
» » » » 
> » » » 
> >» » » 
> » > > 


| Period 


1925/26 
1925/26 
1925/26 
1925/26 
IS51 
1863 
1933/34 
1874—1900 


1887/S8-1915/16 
1907/08-1908/09 


1909/10 
1909/10 
1909/10 
1909/10 
1909/10 
1909/10 
1909/10 
1909/10 
1892/93 


1919— 1928 


1913/14-1931/32 


IQIO/ITI-IQIL/I2 


1912 
IQII—19I2 
19r1/r2 


194$—1950 
104$— 1950 
194$—1950 
194$—1950 
194$—1950 
194$—1950 
1945—1950 
194$— 1950 
194$—1950 
1948—1950 
194$—1950 
1S8S4—ISSS 


ht 
[PI N O1 + Je 


Oy de Coma iv 


r 


Wy by 


Dh Yb Wd MON 


Dann nn au 


be 


yy YY 


wy We M 
WW © DOM © Ode Ori 4 I © 


op 


bet 


mw m 
re 


N de 


A 


Dri wd 


a nn a A 
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Bm nn ee En ee RE ls 
Precipi- 
Ref. Place | Period er ns m 
a. C1/1 Cl/ha 
Australia 
13 South Australia, York Pennisula..... 1923—1937 445 21.6 96 
13 Mictorias @.Shamars A ten 1923—1937 1620 2.7, 44 
13 East Camberwell. ......... 1923—1937 715 57 40 
13 MALTA RSR te dec oi oe 1923—1937 1130 4.4 49 
13 Wipper, Murraiviec: LE. 1923—1937 840 1.6 8.4 
13 Barrwan River Catchment.. 1923— 1937 645 8.4 54 
282 West;Australiay Merredin. . . seh 6.4 1933—1936 260 4.2 11.0 
282 Salmon Gums....... 1933—1936 320 7 18.4 
316 RSperance. un a 1926 — 2047 — 
316 Geraldton marry cree cio 1926 — 28.7 — 
316 PORC 1926 — 16.5 — 
316 Coclgardie 5... 1926 — 12.0 — 
316 Gein cae are 1926 — 9.6 — 
316 Mundiwindi......... 1926 — 3.5 — 
316 Rawliana Ir. na 1926 — 6.3 — 
316 Wiluinnasncatye ne... 1926 — 4.0 u 
316 CONGO Er 1926 — 8.2 a 


highest amounts of chloride. This is also clearly 
seen in table 11 where SMITH’S data are tabulat- 
ed. Special investigations have also been car- 
ried out in order to asses the influence of the 
sea. Recent investigation from New Zealand 
(119) shown in table 10 shows very clearly the 
influence of the sea. Another investigation 
which is of interest in this connection is that 
published in 1905 by Jackson (151). He ana- 


Table 11. Cl-content in precipitation in Great 
Britain from Smith’s investigations (277). 


Place mg Cl/l 
Pondon, Spec 1001860... ........ 1.2 
Birkenhead, Liverpool. «eee nn San 
Scotland, inland country places...... 3.3 
»  , near an alkali work........ 363 
England, inland country places....... 3.9 
Manchester, 1869—1870............. 5.7 
Scotland, towns (not Glasgow). ...... 5.7 
Néwéastleon lynent re Mensen 7.9 
Binelandi towns Eee RME En 8.5 
GAS SON boob can CCC ce ce 8.7 
Sasse 9.3 
ILIA NCO artis ob ooo Oo oOo een: 9.9 
Scotland sea coast country places, west 11.9 
Scotland sea coast country places, east 
BMG AWE SG os Boo cd oo oem Done OM 12.2 
Scotland sea coast country places, east 12.6 
RGITICORNE = nee ee et ec 25.0 
Waterlow, near Liverpool............ 35.5 
Ireland, Valentina re. « ye 47.3 
England, sea coast place, west ....... 54.6 
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lysed spring waters in New England and New 
York and from his analysis he was able to draw 
isochlors for the whole area. These isochlors 
show very clearly the influence of the sea in 
this district. Later Conway (78) used his 
data to set up a mathematical relation between 
the chloride content in uncontaminated spring 
waters and the distance to the sea. The rela- 
tion can be written 


Cl 57° e 9.0367 x + 0.55 e —0-00242 x (D) 


where Cl is expressed in mg/l and x is the 
distance from the sea in kilometers. 

The first term represents a relatively rapid 
decrease of Cl inland while the second one, 
although small shows that after the first rapid 
decrease there is a much smaller decrease. 

There is an investigation from Holland 
carried out by LEEFLANG (177) in 1938 of a 
similar kind as the New Zealand one although 
better suited for the calculation of a relation- 
ship of a similar type as (D) than the New 
Zealand investigation. The relationship corre- 
sponding to (D) from  LEEFLANG’S figures 
reads 


Als 11.7: e—0-525* + 3,0 + e 20-0230 X + 3,0 (E) 


Also in this case the relation can be expressed 
by two exponential factors but it also involves 
a constant which is reasonable as there is 
always chloride in rainwater even very far 
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from the sea. The coefficients in (D) and (E) 
differ considerably. Firstly the initial Cl con. 
tent seems to be higher in (E) than in (D) an 
the decrease in the first term is also much 
more rapid. The second term in (E) decreases, 
however, much faster than the same in (D). 
It is probable that the differences are significant 
and indicate differing meteorological condi- 
tions on the North American east coast and 
the European west coast. 

The experimental points and relation (E) 
are shown graphically in fig. 8. 

An investigation similar to that of Leeflang 
has also been carried out in France by FARCY 
(105) at different places on the road from 
Brest to Paris. As a rule the Cl contents are 
higher than the Dutch ones with a very slow 
decrease inland. In one serie the Cl content 
in rainwater at the sea was 19.0 mg per litre 
and 18.7 mg per litre at 24.3 km distance 
from the sea. It is thus seen that the conditions 
for the transport of chloride from the sea 
may vary considerably from place to place. 

Conway (loc. cit.) has discussed the sources 
of Cl in detail. From equation (D) he calcu- 
lated by integration over all coast lines that 
the total amount of Cl brought inland from 
the sea each year amounted to 0.69: 1014 g. 
Compared to other possible sources he men- 
tions that the total salt production by human 
activities amounts to 0.09: 10!4 g per year 


mg/litre 


‘0, Alkali] metals 
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Fig. 8. The concentration of Cl, Mg and Ca in pre- 
cipitation in Holland as a function of the distance to 
the sea. 
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Fig. 9. The relation between the concentration of S 
and Cl in precipitation around Leeds, Great Britain. | 


while human secretion amounts to 0.05 : 10149. 
Combustion of coal contributes only 0.015 : 1014 
g per year. From equation (D) and the French 
investigation mentioned it is obvious that the 
figure 0.69 : 1014g Cl per year may be far 
too small; obviously other sources of Clin 
rainwater become insignificant compared to | 
the sea. 

In industrial places the Cl content of the | 
rain may rise somewhat but compared to the 
increase in sulfur the increase in Cl is smaller. 
This is seen from an investigation by CROWTHER 
& STUART (82) who collected rainwater at 
different points around Leeds in England. | 
From their data on S and Cl it is possible to | 
get a linear relation between these two which 
reads 


Cl = 4.06 + 0.275 (F) 


This relation is shown diagrammatically in 
fig. 9. The correlation coefficient is equal to 
0.925. It is seen that the increase in Cl is 
about one fourth of the increase in S due to 
atmospheric pollution. In other places it may 

e even less.! | 

Equation (F) is interesting as it shows that in 
absence of any industrial contamination the Cl | 
content of rain should amount to 4.1 mg pro | 
litre, a very reasonable figure for England (Cf. | 
tab. 11 inland country places in England with | 
3.9 mg Cl pro litre). 

In their final report of the Rothamsted in- 
vestigations RUSSEL & RICHARD (254) men- 
tion that the Cl content in rainwater at | 


! The increase of Cl in this case can hardly be due | 
to combustion of coal as the chloride content of coal | 
is very low. It is probably connected to some chloride 
containing chemicals used in the industry. 
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Table 12. Cl in precipitation near volcanoes. 


Place and date of sampling |Ref.| pH | Cl mg/l 
Vesuvius, Italy 
Marches wee LOS4 rx gene 47 | 2.96| 247 
DAS Ay Boe” DR etc ATZENESSTO 193 
May, Io, DER NSS aye: AZM 22:39 0202 
» 4-485 DRE er ae 47 | 2.82 105 
June, 30, kids CE CRIE 47 | 3.09 88 
Paracutin, Michoacan, Mexico 
1947 12 km N of the foot of 
EMERVOICANO ss 6 st cw eS 55 440 


Rothamsted had a tendency of increasing with 
time, a fact they attributed to the increased 
combustion of coal. In the Cirencester series 
(KINCH, 159) it is, however, impossible to 
detect any such trend. 

Another source not mentioned before is 
Cl in volcanic gases. There are a couple of 
investigations which may be of interest in 
this connection. One is carried out near the 
Vesuvius volcano by BOTTINI (47) in 1934. The 
composition of 5 samples with respect to pH 
and Cl is shown in table 12, together with an 
analysis from the Paracutin volcano in Mexico 
(BULLARD, 59). It is seen that the chloride 
figures are very high and, further, that in 
the Vesuvius’ figures at least part of the Cl is 


_ present as HCl as the pH is very low. 


It is evident that some chloride may lo- 
cally be of volcanic origin but the total contri- 
bution by volcanoes is insignificant compared 
to the contribution by the sea. 


3. Meteorological factors influencing the 
Cl-content of rainwater 


Some of these factors are obvious from the 
preceding discussion but as they have been 
pointed out in the literature they will be dis- 
cussed here. 


a. Rainfail 


As in the case of other compounds there is 
generally an inverse relationship between 
the Cl-content and the amount of rainfall. 
As examples it can be mentioned that MILLER 
(213) using monthly averages calculated for 
Rothamsted the relationship to be approxi- 
mately 
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Cl = 2+3/p 
in winter 
Cl = 0.5 +3/p 
in summer and 
Cl = 1.25+3/p 


for the whole year. In these expressions p is the 
monthly rainfall in inches. 

The expressions indicate that there is a 
lower limit of concentration in the precipita- 
tion, and this limit is higher in winter than 
in summer. 

SUGAWARA et al. (281) have recently (1946— 
47) analysed rainwater in Japan and found at 
Nagoya (4 km from the sea) also an in- 
verse relationship between rainfall and Cl- 
concentration. 

Also in a few other investigations an inverse 
relationship can be traced. 


b. Wind direction and wind strength 


It is a well known fact that near the sea the 
CI concentration in rainwater is largely in- 
fluenced by the wind direction at the time of 
rainfall. Also in inland places the Cl-concen- 
tration may be influenced by the wind direc- 
tion, a fact which at least to a certain extent 
can give information as to the origin of the 
air masses. 

In Leningrad WıruynJ (312) found that the 
Cl content was higher in spring than in 
autumn depending on the westerly winds 
prevailing in the spring. In Denmark HANSEN 
(131) found that the Cl content even at in- 
land places was highest during westerly winds. 
In Donnersberge in Germany MENZL (207) 
found that the CI content of rime frost depos- 
ited under different wind directions was the 
following: N, 8.01; NE, 4.78; E, 3.43; W, 
9.67 and NW, 10.53 mg/l. This shows that 
the air masses from north to west carried 
most Cl. In snow he (208) found about the 
same while rain from the west had the highest 
Cl concentration. In Haid also in Germany 
rain from SW had the highest Cl concentra- 
tion followed by rain from NW. In Hohen 
Sonnblick in Austria at 3106 metres’ altitude 
LAUSCHER & SCHWARZ (170) found that winds 
from north carried less chloride than winds 
from the south. 

From this is seen that at lower altitudes the 
sea has still a noticable influence on the Cl 
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The relation between the concentration of Cl 
and wind length at Perth, West. Australia. 


Fig. 10. 


concentration of atmospheric precipitationeven 
in places far from the sea. At higher altitudes 
this influence is not so pronounced. 

The wind strength when the winds come 
from the sea is reported to have some influence 
on the Cl content of rain. Mryake (216) in 
Japan found a strong correlation between 
Cl content and wind strength. Woop & Wırs- 
MORE (316) in their research on the salinity of 
rain in Western Australia correlated the Cl 
content of rain at Perth with the total way 
the wind had travelled from the sea in 24 
hours. It is a rather interesting relationship 
although the correlation is not very strong. 
In fig. 10 the Cl content of the rainfall has 
been plotted against their computed wind 
length sea wind in miles/24 hours. 

From fig. 10 it is seen that the Cl content 
of the rain is independant of the wind strength 
up to a wind velocity of 200 miles pro 24 
hours with a lower limit of 2 mg Cl pro litre. 
Above that velocity it can be stated that in 
general 


CIZ — 7.2 +0.036 v (G) 
where v is the wind length in 24 hours, this 
lower limit being indicated on the figure by 
the dashed sloping line. Deviation from 
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this rule can, of course, occur on single occa- | 
sions. The interpretation of this rule is simply 
that at high winds one cannot expect low Cl 
contents in the rains. 


c. Altitude 


There is an old investigation from France | 
carried out by BOBIERRE (43) in Nantes in | 
1863 which may show differences at lower 
altitudes. He collected rainwater from two 
heights, 7 m and so m above the ground and | 
analysed them. In the yearly averages there 
was no difference in the Cl contents but 
in winter the samples collected at so m con- 
tained more Cl than those collected at 7 m 
while the reverse was true during summer. 
The reason for this may be local. 

There are, however, several investigations 
made at different altitudes where precipita- 
tion has been collected on mountains. | 

Analyses of rime frost on the Hohen Sonn-} 
blick in Austria made both by Lipp (192) and! 
LAUSCHER & SCHWARZ (170) gave relatively) 
low Cl values. Lipp found on 2962 m altitude 
an average of 1.1 mg Cl/l for 12 determina- 
tions with variations from 0.25 to 5.90. 
LAUSCHER & SCHWARZ found on 3106 m an 
average of 0.21 mg for 15 determinations with) 
variations from 0.035 to 0.554 mg pro litre.| 
In Donnersberge (207) on 853 m altitude the} 
average for 17 determinations was, however, | 
as high as 7.23, rain and snow containing about! 
the same. Some analyses of water from lakes 
and rivers in the Haldde district in northern 
Norway presented by KÖHLER (167) indicate 
that the Cl content in general decreased wit 
increasing altitude although there were varia 
tions, according to Köhler probably due to 
topographic conditions influencing KR turbu 
lence of the air. 

The Cl content of precipitations thus 
seems to decrease with increasing altitudes. 
This has also been predicted by KOHLER (166) 
from theoretical considerations. | 


| 
| 


d. Seasonal variation 


The seasonal variation in the Cl concen 
tration of precipitation seems to be entirel 
connected to the prevailing winds as can be 
expected and also to the general meteoro 
logical conditions such as wind strength 
Such observations are reported from several 
places. | 


| 
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4. The “Köhler” distribution of Cl-con- 
centrations 


In 1925 KOHLER (165) published a report 
on an investigation of the Cl concentration 
in white frost formed at high altitudes by pre- 
cipitation and freezing of undercooled water 
particles in clouds. This type of frost will be 
called cloud frost here. From 49 analysis of 
collected cloud frost he found that the Cl 
concentration in the melted frost could be 


expressed by 
Cl= 3.523 -2" mg pro litre 


where n is a positive or negative integer. Of 
course there was some variation within each 
group but the group formation was quite 
obvious and statistically significant. 

The distribution of Cl concentrations will 
be called the “Köhler” distribution here. It is of 
interest as he had earlier found that the masses 
of cloud particles also showed a group for- 
mation which could be written 


m=B-n 


where B is a base number and n so far has 
been shown to take the values 2, 3, 4, 5, 6, 7, 
8, 10 and 12. 

A surprising fact from this frost analysis was, 
however, that no correlation between the 
masses of the cloud particles and their Cl 
concentrations was found. 

The explanation offered by Köhler for the 
observed Cl distribution is that the weight 
of the spray particles, which leave the sea 
is distributed in the same way as the Cl con- 
centrations, but the reason for such a distribu- 
tion in the spray is, of course, difficult to 
give. 

On basis of further investigations in the 
same place (the Haldde district in northern 
Norway) he found that the most common 
particle size had a radius of 8.82: 1074 cm. 
As the most common Cl concentration was 
3.523 mg/l the most common amount of 
sea salts in a particle is 1.847: 10714 g but that 
smaller or greater amounts could occur. For 
comparison it can be mentioned that ALI- 
VERTI (6, 7) in an investigation from Pavia in 
Italy found that the average amount of salt 
in condensation nuclei was 0.075 + 10714 which 
corresponds to a value of n in Köhler’s for- 
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mula between —4 and —s, if the particles had 
the same masses. 

Investigations similar to Köhler’s were later 
carried out by Lipp (192) and LAUSHER & 
SCHWARZ (170) in the Hohen Sonnblick and 
by MENZL (207) in Donnersberge. The data 
of Lipp and LAUSCHER & SCHWARZ are, how- 
ever, too few to detect any “Köhler” distri- 
bution. The Cl values from Donnersberge are 
surprisingly high, varying from 3.43 to 15.33 
mg Cl. 

There are some other investigations of Cl in 
rainwater where distinct “Köhler” distribu- 
tions of Cl concentrations are found. In these 
the rainfalls are, of course, analysed separately. 
In Leiden in Holland (4 km from the sea) 
ISRAËL (150) found that the Cl content of 
rainwater could be expressed by 


Cl = 3.42 - 2” mg pro litre 


where n=o and 1 seemed to be the most 
common values. 

The West Australian investigation mention- 
ed before (Woop & WILSMORE 316) show 
also weak signs of the “Köhler” distribution as 
well as Menzr’s (208) on rainwater from 
Donnersberge. 

In an investigation from Japan MIvYAKE (216) 
also found “Köhler” distributions of Cl con- 
centrations in rainwater although the base 
numbers varied somewhat. In Tokyo he found 


el = 2.10.2" me Cl] 
and in Kobe 

Cl-= 1680.2) me Chil 
and in Hamamatu 

Cli= 4767-24 me Chil: 


The most pronounced “Köhler” distribution 
of Cl contents in rainwater is found in the 
analysis from Mont Vernon in Iowa, U.S.A. 
The investigations are extended over Io years 
with analysis of separate rainfalls. The anal- 
yses are, however, apparently carried out by 
different workers under the supervision of 
N. KNIGHT at the Mont Vernon University 
(For references see 15, 117, 161, 234, 246, 
269, 290, 306 and 318). In most of the reports 
only the total amount of Cl/acre is given. 
The author has therefore recalculated the Cl 
concentrations from these amounts and the 
listed rainfalls. 
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Table 13. The distribution of Cl-concentrations of the rainfalls at Mont Vernon, Iowa. 
Cl = 0.355 : s. 
s I 5 7 85 10 #73. (614% 915. TOME 022250712507 
Frequ. I I I 3 | 30 I 2 3 7 2 | 94 4 I 5 4 5 3.0707 
s 28 | 29 | 30 | 32 | 33 | 34 | 35 | 36 | 40 | 43 | 45 | 48 | 49 | 50 | 52 | 60 | 70 
Frequ. I | 7 2 I 2 3 5 14 I 3 I I I I 4 ZU 1104 
s 73 | 88 | 92 |140 
Frequ. I I I I 4 
Total Frequ. 285 


From the total number of analysis it can be 
concluded that the analyses of Cl were car- 
ried out with a precision of 0.355 mg Cl pro 
litre as practically all the figures can be re- 
presented by the formula 


Cl = 0.355°s 


where s is a positive integer ranging from 1 to 
140. The number of Cl analysis for different 
s is shown in tab. 13. 

In connection with KGHLER’s work it is 


Frequency 


Mont Vernon, lowa 


Menzl 1948 (only rain) 


Israël 1934 


Kohler 


West~— Australian places, 
Wood 1929 


Perth, Wood 1929 


15-10-05 O 05 10 15 20 log (mg CI/ litre) 
Fig. 11. The distribution of log (mg Cl/l) for some 


places. 


of interest to note the high frequency of s 
equal to 10, 20 and 4o. These are well repre- 
sented by Köhler’s formula with the base 
number 3.5 and n equal to 0, 1 and 2. On the 
other hand the high frequency of the figure 
10.65 (s = 30) indicates a deviation from the 
“Kohler” distribution, 10.65 being the sum 
of 3.55 - 2° and 3.55 - 21. 

The distribution of log (mg Cl pro litre) 
for Perth and some other places in Australia 
(Woop & WiLsMORE, 316) Haldde (KÔHLER, 
165) Leiden (IsRAËL, 150) Donnersberge and 
Haid (MENZL, 208), and from Mont Vernon, 
Iowa is shown in fig. 11. The intervals have 
been taken equal to 0.05 units. It is seen that 
the Haldde series shows the widest distribution 
and very distinct frequency groups. This is 
also quite distinct in the Leiden series as well 
as in the Donnesberge-Haid series. In the 
Mont Vernon series this frequency group 
formation is very pronounced. The Australian 
series have, at least, a tendency of frequency 
group formation. The base values for this 
series seems, however, to differ from the 
European and American series, a fact which is of 
interest in connection with the earlier men- 
tioned Japaneese observations. 


A frequency group formation can also be 
traced in the figures published by HEYMANN 
(140) from Oosterveld in Holland which has 
been mentioned earlier. On the other hand the 
Zeeveld figures do not show any such ten- 
dency. As Zeeveld is close to the sea the figures 
may be influenced by sea spray which has 
precipitated straight into the rain gauge. 

It should be mentioned that Houcuton & 
BENRIS (142) did not find any frequency 
group formation in the Cl values from cloud 
water collected on Mount Washington. How- 
ever, they did not give any details of their 
work. 
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Table 14. See the text. 
ee MO ee a eg ee 


Ratio Mean conc. of Cl. 


Catchment area Area Rainfall | Discharge m 
to Rain- River water 
km? mm Rainfall | water calc. | Actual 
Upper Murray, Vic. RE re eee scenes 26600 842 0.283 1.0 3.5 3.4 
O Shannany River, NCA ne en 121 1620 0.520 227 5.2 4.75 
Yarra River, Vic. ee NS one Re 2530 1110 0.311 4.4 14.2 15.3 
Barwon River, Gm tay SAR ceed dohors toa 3710 642 0.075 8.4 112 134 
HeleratRiver West. Austr........... 1480 ES 0.034 Oy 197 203 


From all the results shown it seems quite evi- 
dent that a frequency group formation of the 
Cl content in precipitation does exist. 


5. Practical importance of the transport of 
oceanic salts inland 


In arid places the transport of sea salts 
inland has a very great practical importance. In 
western Australia the transport of sea salts 
inland has caused an increase in the salt con- 
tent of the soil, the streams and the water 
reservoirs (Woop, 315). In 1914 WELLER (303) 
found that the Mundering reservoir catch- 
ment area (about 1400 square km) received 
around 90 kg of oceanic salts pro hectare 
and year and as there is practically no outlet 
from this area to the sea the salinity of the 
reservoir water has been steadily increasing. 
Woop (315) also mentions that in many of 
the water reservoirs for the railways in West- 
ern Australia the salinity of the water had 
increased to such a degree that the water could 
not be used for the locomotives. This process 
has been enhanced in many places by the 
clearing of land from natural vegetation 
thereby causing a rapid runoff of water to the 
reservoir, the runoff water carrying the accu- 
mulated salts in the soil. 

A more recent Australian investigation men- 
tioned earlier (ANDERSON, 13) concerns arid 
parts of the State of Victoria. He found from 
analysis of river waters from different catch- 
ment areas that, knowing the rainfall, runoff 
and the salt content of the rainfall, it was 
possible to calculate the composition of the 
river waters. Comparison between calculated 
and found values shows a very good agree- 
ment. (See table 14.) As mentioned earlier he 
also found that the composition of some lake 
waters in this district was very similar to that 
of sea water. 


It is obvious that under arid conditions 
where the percentage evaporation is high an 
accumulation of salts must occur in the soils. 
This is, no doubt, a very common cause of 
saline soils in desert and semidesert district 
although some saline soils may be due to 
salt lenses in the soil at greater depths and a 
high evaporation. 

The salt transport seems to be of some im- 
portance also in New Zealand (119) where, in 
some places, the soil processes appear to be 
effected by the accumulation of oceanic salts. 

A concentration of oceanic salts in the soil 
water seems also to take place in humid areas. 
WARINGTON (295) published an account of 
analysis of drain and well waters in Rotham- 
sted in 1887. He found that the Cl content 
of drain water from unfertilized plots was higher 
than in rainwater. This, he explained, was due 
to the evaporation which takes place during 
summer. This fact suggests an indirect method 
of estimating loss of water by evaporation 
from uncultivated soils. This, however, is 
possible only where no well waters containing 
Cl can reach the upper layers of the soil. 


E. Iodine in precipitation and air 


The presence of iodine in atmospheric pre- 
cipitation is mainly of medical interest in 
connection with goitre and most of the more 
recent investigations seem to have had, as a 
purpose, the making of a survey of existing 
sources which can deliver iodine to the air. 

_ As early as in 1852 MARCHAND (197) showed 
that rain, snow and hail contained considerable 
amounts of iodine and bromine. At about the 
same time CHATIN (71) found in analysis of 
rain and spring waters from Guiana in South 
America 5 ug iodine/l and in Nice 4 ug/l. In 
an investigation from Pisa around 1860 DE 
Luca (193) found iodine both at 54 and 18 m 
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height above the ground. (The samples were 
taken from the famous leaning tower.) On 
the other hand Cuarry (70) in 1884 did not 
find any iodine in rainwater collected in Al- 
giers despite the fact that the content of 
oceanic salts in the water was quite high. 

More systematic work was started by von 
FELLENBERG (107, 108) who in 1926 published 
a paper about the iodine cycle in nature. Most 
of his work is concerned with analysis for 
iodine in the air. 

In 1927 HEYMANN (140) in Holland publish- 
ed analyses of air, rain and drainwater. A few 
air analyses from Leiduna (6 km from the sea) 
in 1924—25 are given below. 


SWESMEME ESOFSSWANNWV 
TO (02) 1.50 OL 0.050102 


Wind direction E 
FUR Ns Sorc ace 0.5 


The rain analysis were carried out in Ooster- 
veld and Zeeveld. He found an average of 
3.6 wg for Oosterveld and 3.7 wg for Zeeveld. 
The distribution of the values are given below 


ug I pro litre 1 ay et SE le 
OCHS 656 RO GW a ET 
Frequency at { Des 2 na ee 


WERE prowlitrey 73287 ON 1IOHTLLATZ2 


Bee Oosterveldeer as) Tue Oo Onn 
SA ash Zeeyeldeerrrer Tat 24,145 9490741 


There is as seen no difference in the iodine 
content of rain from these two places. The 
average Cl content in Oosterveld was 12.6 
and in Zeeveld 28.8 mg Cl/l, Zeeveld being at 
only 0.4 km distance from the sea. Further 
there was no correlation between the Cl 
and the iodine figures. This suggests a different 
mechanism by which iodine is brought from 
the sea which in this case was the only possible 
source. 

Further the ratio Cl/I in the samples was 
very much lower than in sea water as sea 
water contains only 20 ug/l. HEYMANN further 
observed a great difference in the behaviour 
of Cl and iodine. From his drain water 
analysis he found that while Cl was higher 
in the drain water than in the rain (due to 
evaporation) the reverse was true for iodine. 
A loss of iodine must have occured in the soil. 
VON FELLENBERG (108) found a little later that 
water containing iodide lost iodide when in 
contact with air. He suggested that iodide is 
oxidized to iodine which is volatile and 
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escapes from the water to the air. Further he 
found that the air in spas which used iodine 
rich ground water contained a high concen- 
tration of iodine, up to 5 y pro cubic metre, 
a fact which supported his theory. 

In a series of investigations CAUER (63, 64, 
65, 66) continued VON FELLENRERG’S work. He 
also analysed air at high altitudes 3000 m for 
iodine and fotind about the same concentration 
as near the ground, i.e., it varied between 0.1 
and 1.4 ug/cubic metre. This is also different 
from Cl which seems to decrease at higher 
altitudes. 

Cauer developed a theory that the oxidation 
of iodide to iodine was done by ozone, present 
in the air, and he showed that ultraviolet ra- 
diation of iodide containing water caused 
great losses of iodine. The iodine cycle in 
nature is thus more complicated than the 
chloride cycle. 

The sea is thus a great source of iodine 
which is partly brought to the air by spray 
and partly by oxidation of iodide to iodine. 
Iodide carried to the soil by rain may also be 
brought to the atmosphere by this oxidation. 

An important source of iodine in air in the 
western Europe is iodine released in the proc- 
ess of burning seaweed as practiced to a great 
extent in Bretagne in France. Seaweed con- 
tain rather great amounts of iodine and Cauer 
estimated that about 6 per cent was lost 
during the burning process. In 1933 and 1934 
this amount was equal to 65 tons a year, an 
amount which he considered to be sufficient to 
raise the iodine content of the air in western 
Germany up to 2 wg pro cubic metre. 

Another source is from coal used in industry 
but this contribution is very small. 


F. Other inorganic compounds in 
precipitation 


Occasionally rain and snow has been anal- 
yses for other compounds than those discussed. 
Some old analyses are given by PIERRE (237), 
ARAGO (14), BARRAL (20), DE Luca (193) and 
RORINET (248). Of these that of Araco is of 
greatest interest. He collected rainwater in 
Paris from July to December 1851 and ana- 
lysed for Ca and Mg. The average for this 
time is 6.5 mg CaO and 2.1 mg MgO/I. 

More recently Mac INTYRE & Young (195) 
made analysis for Ca, Mg, K and Na in rain- 
water collected at some points in Tennessee in 
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U.S.A. The atmospheric pollution was, how- 
ever, quite strong at these places due to indu- 
strial activities. 

In Europe some recent data on Ca and Meg 
in rainwater have been given by Farcy (105). 
He collected rainwater in the neighbourhood 
of Brest in France. He concluded from his 
analysis that part of Ca and Mg in the rain- 
water was of litospheric origin. Farcy also 
found Mn in the rainwater on some occasions. 
He believed that it had been carried over the 
Atlantic from America. 

In a series of papers from 1943 to 1947 
BERTRAND (29—35) gives some data on Ca 
and Mg in rainwater collected at Grignon and 
at Paris in France. In Paris he found as an 
average a Mg/Ca ratio of 0.089 (the soluble 
part) and in Grignon 0.049. The same ratio 
in sea water is 3.16. Most of the Ca must then 
have been of litospheric origin while at least 
part of the Mg was derived from the sea. 

In Holland LEEFLANG (177) analysed rain- 
water collected at different distances from the 
sea also for Ca and Mg. The results are shown 
below 


Distance from 
the sea in Sea 


km 0.44 2.28 3.0 5.6 48.0 86.0 water 
CAROL 2:5, WNAOM TE T7 Var: 7 1.7 
Me, Nor 1.3 12 LT HO 41.8 
Mg/Ca LOSC OS 70 0 205 52..59..=47:03:20, 
Mg/Cl 105 .I43 .160 .169 .250 .250 .068 
Ca/Cl 1740209, 422655262: 5425-532 0-021 


and are shown graphically in fig. 8. 

It is seen that Mg decreases regularly inland 
whereas Ca remains comparatively constant. 
The Mg/Cl ratio increase 2.5 times inland 
but is of the same order of magnitude as in 
sea water near the coast. The ratio Ca/Cl is 
much higher in the rainwater than in the sea 
even near the coast. It is about 25 times 
higher far from the coast. 

A recent work from Japan gives similar 
results as those of LEEFLANG. From rainwater 
analyses during 1946—49 SuGAWARA etal. (281) 
reported the following ratios. 


Suga- Na- Matsu- Sea 
LE shima goya moto water 
Distance from 
the sea in km o 4 100 
Nati Cleves stent 05 55 58 55 
else ote 080 .109 .344 .068 
Ca Clee. 138 .172 3.76 .021 
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The Na/Cl ratio is remarkably constant 
but the Mg/Cl and Ca/Cl ratios shows about 
the same trend as mentioned before. 

SUGAWARA et al. offer an interesting explana- 
tion for the variation in these ratios. They 
regard the salts in rainwater as derived from 
the sea but they are washed down selectively, 
the most hygroscopic salts being washed down 
near the coast. Salts like CaSO, which are 
non-hygroscopic can be carried far inland, 
thus raising the Ca/Cl ratio considerably as 
chlorides of Mg and Ca are much more hy- 
groscopic than corresponding sulfates and are 
precipitated near the coast. They found a 
similar trend in the ratios in a vertical direction 
by analysing precipitation, rain and snow 
from different altitudes. Also Lipp (192) found a 
considerable enrichment of Mg over Cl in 
rime frost on Hohen Sonnblick in Austria. 

BERTRAND (36, 38, 39) also determined K in 
some rainwater samples collected in Paris. He 
found 0.22 mg K/l in 1942 in a sample and 
0.42 in another. The corresponding Mg figures 
were 0.19 in the first sample. The potassium is 
thus relatively high. Part of it may be derived 
from coal by combustion. 

In a recent work INcHAM (148) found that 
vegetation can adsorb comparatively large 
quantities of Ca from air which is washed 
down by rain. It is possible that non-hygroscop- 
ic salt can be adsorbed from the air in this 
way and thus be brought to the soil. 

A few other compounds have been reported 
occasionally in rainwater. Small amounts of 
P.O; have been found (Moore et al., 217; 
TRIESCHMANN, 290; DE Luca, 199). INGHAM 
(148) found in rain 0.34 mg P,O,/l and in 
drip from tree leaves during rain 2.0 mg/l. 
These figures are indeed very high compared 
to earlier estimates. 

There is also an analysis on As in rainwater 
reported by XHorıs (317). The rainwater was 
collected near Liege and contained 3.07 mg 
As pro 100 g dry matter from the rainwater. 
He suggested industrial origin. 


G. Miscellaneous 


Atmospheric precipitation invariably con- 
tains insoluble substances of different origin. 
These have not been studied very much; on a 
few occasions with exceptional high contami- 
nation they have been investigated mostly in 
order to determine their origin. 
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Volcanoes often give rise to local conta- 
minations. Sometimes the dust from eruptions 
can travel long distances. A well known 
example is the dust rain which occurred in 
northern Europe in 1875 when the volcano 
Askja on Iceland was in action. The distri- 
bution of ash and dust from this occasion has 
been reviewed by THORARINSSON (285). 

In the Mediterranean coloured rain may 
occur. This is due to solid particles from arid 
regions. By the action of wind the particles 
are brought up into the air and can be carried 
long distances before they are precipitated by 
rain. MENIER (210) found on one occasion in 
Palermo in Italy that a sample of such dust 
contained 59.14 per cent sand, 23.91 per cent 
CaCO, and 8.58 per cent clay. He suggested 
as origin the Sahara Desert. 

A real dustrain occurred in 1892 in May 
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(NORDENSKIOLD, 229, 230), the rain falling 
over parts of Germany, Denmark, Sweden 
and Finland. It was brought down in appre- 
ciable quantities in a comparatively narrow 
strip from northwestern Germany to Finland. 
The dust consisted mainly of mineral frag- 
ments. 

The radioactivity of precipitation has also 
been investigated. It is reported (77) that 
snow has an induced radioactivity which dis- 
appears after a couple of hours. 


Erratum 


In part I of this paper, page 231, the 
eleventh row below the subheading no. 8 
stands “cm?”. Should read “cm?”. 
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Molecular Nitrogen Fixation and Nitrogen ‘Cycle in Nature 


By ARTTURI I. VIRTANEN, Biochemical Institute, Helsinki, Finland 


(Manuscript received 10 November, 1952) 


Abstract 


The origin of nitrogen oxides in the atmosphere is discussed. Evidently only a small proportion 
of the nitrate- and nitrite-nitrogen found in the precipitation is formed through electric discharges 
from molecular nitrogen, photochemical nitrogen fixation being probably of greater impor- 
tance. Formation of nitrate nitrogen through atmospheric oxidation of nitrous oxide (N:0) 
evaporating from the soil is also considered likely. 

Determination of nitrogen compounds at different altitudes is indispensable for gaining in- 
formation of the N;-fixation in the atmosphere and, in general, of the origin of nitrogen oxides 
and ‘their decomposition. International co-operation is needed for this as well as for the quan- 
titative determination of the nitrogen compounds removed from the soil by leaching and 


brought by waters into the seas. 


In a recent issue of this journal ANGSTROM 
and HÔGBERG (1952) have dealt with the con- 
centration of NH,-N and NO,-N in atmos- 
pheric precipitation and its dependence on the 
character of the air mass, in the light of the 
observations made in Sweden during recent 
years. At the request of Prof. Rossby I shall 
present in this paper some aspects of the ni- 
trogen cycle which also may be of interest 
to meteorologists. 

The atmosphere, with its 77,000 tons of 
molecular nitrogen per ha, is the nitrogen 
store of the earth, and the fixed nitrogen in 
the soil — also in good cultivated soil a few or 
at most some tens of tons per ha—originates 
chiefly from the nitrogen fixation by micro- 
organisms (so-called biological nitrogen fixa- 
tion). Without this process the earth would 
not have its present plant and animal kingdom. 
The most intensive nitrogen fixation takes 
place in the leguminous root nodules. A 
good lucerne or clover field fixes 150—400 kg 
N, per ha per summer. The amounts of 
nitrogen fixed by the action of free-living 


nitrogen-fixing microorganisms are much 
more modest varying perhaps from some 
kilograms to a few tens of kilograms per ha. } 
N,-fixation is not known to take place in | 
soil independent of living cells. The share of 
industrial fertilizers in the nitrogen contained 
in the annual crops of the cultivated plants 
of the globe is only some two per cent. In 
regard to nitrogen fixation I refer to my recent 
lecture (VIRTANEN, 1952). 

Nitrogen fixation can be expected in the 
atmosphere by electric discharges and photo- | 
chemically. There is no reliable information | 
as to how extensive is the N,-fixation in the) 
atmosphere. The studies have mostly been) 
directed to the determination of nitrogenous | 
compounds brought to the earth by precipita-| 
tion. In this way, however, no elucidation can 
be obtained of the N,-fixation in the atmos- 
phere as will be seen from the following: 

1. The precipitation contains more NH,-N 
than NO,-N. There is reason to assume that 
NH;-N originates from the soil, for ammonia 
synthesis does not seem likely under atmos- 
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pheric conditions. Organic nitrogen which is 
found in the rain water originates from dust 
particles, insects and microorganisms in the 
air. 

2. NO;-N present in the rain water (and 
NO,-N which also is found to some extent) 
can be formed by N,-fixation. It must be 
assumed that some nitrogen oxides are derived 
from electric discharges connected with thun- 
derstorms, a conclusion which follows from 
the knowledge of the conditions of N,-oxida- 
tions. FINNELL and HOUGHTON (1932) have 
tried to estimate the increase in the nitrate 
nitrogen of rain effected by thunderstorms in 
Goodwell (Oklahoma), and Hurcuinson 
(1944) has calculated on the basis of the values 
reported that at most 140—350 g N, is 
fixed per ha in temperate regions through 
electric discharges. Since the annual precipita- 


D 
tion contains about one kilogram NO,-N 


per ha, electric discharges ould: on the 
average, have no great part in the production 
of this nitrate. 

It is quite possible that most of the N,-fixa- 
tion in the atmosphere is photochemical. The 
conditions for this fixation exist probably in 
the ozonosphere, at altitudes of over 10 km, 
where both oxygen and nitrogen have great 
energy. Ozone oxidizes the nitrogen oxide 
formed to nitrogen pentoxide which has been 
spectroscopically found by ADEL and Lamp- 
LAND (1938) in the ozonosphere, in amounts of 
about 1 mol. per 100 mol. ozone. The down- 
ward moving nitrogen pentoxide may be 
brought with rain to the earth’s surface, the 
rising nitrogen pentoxide becomes exposed 
to a more and more energetic radiation which 
causes the molecules to decompose. The 
observations of Etvey (1942) on the spectral 
bands of NO at altitudes of about 90—140 km 
is in accord with this. 

There is, however, no certainty that all the 
NO,-N in the precipitation is produced by 
N,-fixation. On the contrary, it is very 
possible that a part of it is formed through 
oxidation of NH,-N. Nitrous oxide N,O, 
which evaporates from the soil and is liberally 
formed, in addition to Ng, in the decomposi- 
tion of nitrate by bacteria (denitrification), 
also may be partly oxidized in the atmosphere 
to higher nitrogen oxides. ADEL (1939, 1951) 
was the first to find N,O in the atmosphere. 
According to him, N,O is decomposed 


305 


° 


o 
© 
3 
B 
u 
oc 
4 

0 0,5 1,0 

Nitrate-N/NH,-N 

Fig. 1. Inter-relationship between nitrate-N and ammo- 


nium-N in precipitation at different latitudes. 


photochemically to N;, O,, and NO by À < 
2,000 À in the upper atmosphere. The latter 
product is further dissociated photochemically 
to N, and O,. While NO is being brought 
to the lower atmosphere it may, however, be 
oxidized to NO, and even further to higher 
nitrogen oxides (author’s opinion). Conse- 
quently, there is a possibility that a part of the 
NO,-N found in the precipitation may 
originate from the N,O evaporated from the 
soil. 

The amount of nitrogen compounds in 
the atmosphere is nowadays also very much 
affected by man. In industrial centres and 
densely populated districts as a whole, both 
nitrogen oxides (mainly NO,) and ammonium 
nitrogen are brought to the atmosphere as 
products of burning solid and liquid fuels. 
This makes explicable the enormous amounts 
of NO,-N and NH,-N (12.3 kg and 15.9 kg 
per ha respectively) found by SCHARRER and 
Fast (1952) in the annual precipitation near 
Giessen in Germany. (In Iceland Russer and 
Ricwarps (1919) found 0.912 kg. NH,-N 
and 0.292 kg. NO;-N in precipitation per 
ha; in East Bothnia, Finland, FINNBERG (1923) 
found 1.8 kg. NH,-N, 0.825 kg. NO,-N, 
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and 0.025 kg. NO,-N in precipitation per ha). 
It must also be borne in mind that some 
N,-fixation obviously also takes place in 
internal combustion engines and that with 
the increasing number of automobiles, trac- 
tors etc. nitrogen oxides may be brought to 
the atmosphere, although their amount is 
relatively insignificant. 

Ancstrom and HÔGBERG consider on the 
basis of the Swedish data, that the annual 
precipitation at Uppsala contains normally 
1.90 kg. NH,-N and 0.91 kg. NO,-N per ha. 
Hence the ratio of NO,-N to NH,-N would 
be almost constant, about 0.5, which seems to 
suggest a common origin. However, such a 
ratio is not regularly found in the analyses 
of precipitation reported in the literature. 
Fig. 1 gives the inter-relationship of NO,-N 
and NO,-N in precipitation at different lati- 
tudes in the northern hemisphere computed 
from values found in the literature. 

The personal opinion of the author is that 
the analyses of the precipitation do not give 
full information of the atmospheric nitrogen 
compounds, of their origin, and of the possible 
participation of nitrogen oxides in the chemi- 
cal reactions in the atmosphere. It would be 
necessary to obtain quantitative data of the 
different nitrogen compounds in various layers 
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of the atmosphere from the ground level to 
high altitudes. Such determinations would 
probably give a definite idea of the formation 
of nitrogen oxides from N, and of their 
decomposition at different altitudes, as well 
as of the nitrogen compounds evaporating 
from the earth’s surface. The nitrogen cycle in 
nature would thus become more defined. 
This work is difficult in method, but as far as 
I can see there is no other way. 

In order to get elucidation on the nitrogen 
status of the earth and changes therein, syste- 
matic analytical work would be needed for 
determination of the amounts of different 
nitrogen compounds which are annually 
brought by waters into the seas. Nitrogen 
analyses should be made at definite intervals 
in different parts of the world at the mouth 
of representative rivers, both large and small. 
In order to obtain a realiable picture of the 
quantitative side of the nitrogen cycle inter- 
national cooperation is indispensable. If the 
nitrogen analyses of the riverwaters are ac- 
companied by determinations of phosphate, 
potassium, and calcium (and possibly other 
elements), material will be obtained which 
will be of immense significance to the agri- 
culture and forestry of the world, in other 
words, for the living possibilities of man. 
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The Chemical Denudation of the Soil 
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Abstract 


The chemical denudation plays a greater role in our climate than the mechanical erosion. 
The Swedish well waters contain 3—4 times more soluble salts than those rivers which 
are fed by them. The chemical denudation therefore must be much greater than formerly 
calculated. A map shows the salt concentration of the well waters of Sweden. The amount 
of nitrogen accumulated per annum in a district of central Sweden seems to amount 


to 3—6 kg N per har. 


The symposium is supposed to deal with 
the nitrogen in the atmosphere. It is, however, 
of great interest to follow up the problems 
regarding the balance between soil-water and 
also to try to show the general problem which 
is of the greatest practical interest: the denuda- 
tion of the soil. 

One of the most discussed items just now 
is the soil erosion in connection with the 
possibilities to nourish the ever increasing 
population of the earth (BENNET, 1939). In 
all the books published on this subject we find 
the wind and water erosion, thus the me- 
chanical erosion, mentioned but never the 
chemical erosion, the soil denudation. In 
humid climate, like ours, the chemical de- 
nudation is more destructive to the soil than 
the erosion. 

Every country which neglects its soil 
giving it a prey to denudation and erosion 
is doomed to decline and fall. We may look at 
the Roman Empire. The country round Rome 
was a fertile land giving good yields of wheat 
nourishing the capital. The land was neglected, 
Rome lived on import goods, and the area 
turned very acid (pH below s), denuded of 
its nutrients, giving low yields. And costing 
immense sums to reclaim. 


About A.D. 400 the farmers of Gotland 
probably because of a change in rainfall 
moved their dwellings from the lower, 
clayey soils to the sandy parts of the island. 
Within some centuries these soils were depleted 
and the population had to live as merchants 
and sailors. When these latter possibilities were 
throttled in the 12th century an era of poverty 
and famine was reigning until the lowerlying 
areas were reclaimed in the 16th century. 

On a still larger scale similar things have 
happened in the U.K. The soils in large 
districts have been neglected, and denudation 
has carried away much of the plant nutrients. 
The food question has been one of the dif- 
ficulties with which the english people has had 
to struggle lately. 

What is then denudation. The precipitating 
water percolates the soil layers dissolving the 
nutrients carrying them down to deeper layers 
or to the ground water. The ground water 
feeds the rivers which carry the dissolved salts 
to the sea. On the way from the well to the 
sea certain amounts disappear being taken up 
by plants or precipitated in lakes or rivers. 

Certain powers counteract the denudation. 
The plants evaporating the water diminishes 
the strength of the down current. Plants have 
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an ability to take up salts even from very diluted 
solutions. Harvey (1926) has shown ‘that or- 
ganisms living in the sea are able to tzke up 
nitrates from solutions at such a low concentra- 
tion as 10 mg/m. The plants, thus, take up 
the nutrients and concentrate them, often 
thousandfold. When shedding leaves and 
needles, when the plant dies, wholly or to a 
certain part, the offall forms the humuslayer 
on the top of the soil and this layer is rich in 
light soluble nutrients. In this way the top 
soil is re-enriched. 

By studying the ground water—well 
water composition and knowing the amount 
of percolating water it is possible to estimate 
the amounts of different salts carried away 
from the upper soil layers. The map shows the 
concentration of total salts dissolved. The 
clay districts show high figures, the sand 
districts and Norrland are on the other hand 
very poor. From the map is also seen that the 
deviations within the districts are rather 
small. (Fig. 1). 

The average composition of the water is 
the same, the concentration only differs. The 
composition of the percolating water we know 
but the amount of percolating water is only 
an assumption. We guess that 30—35 % of 
the rainfall is not evaporated. And we assume 
that the percolating water is of the same 
amount as what we find the rivers carrying 
off to the sea. 

We may therefore compare the concentra- 
tion of well water with that of river water 
and that will throw a light on the denudation 
problem. All earlier investigations on soil 


The concentration of soluble inorganic substance 

sulphates, chlorides and nitrates in some Swed- 

ish rivers and in the well waters feeding the dif- 
ferent rivers. 


From the rivers we have no data with regard to 
nitrates. Judged from other analyses the nitrate content 
in the river waters seems to be very low and would 
in this table be = o. It is easily seen that not only the 
total inorganics diminish from the well to the river 
waters but also SO,, Cl and NOx. 


Inorg. 
| subst. Cl {NOs 
Fe f River water | 0.9] 21.2] 3.1 | — 
Skellefteälv | \ Well i Soleo ine tee 
r | River water | 1.5 | 20.9 | 3.3 | — 
Hess \ Well » 61 |TO2 14 | = 


©. ARRHENIUS 


Inorg. 
a | River water | — | 26.0 | 3.2 | — 
Oreälv | Well N 6 + ma 
_ | River water 771% 20:9, E2-54 || = 
ee \ Well » 4 TOMATE 9 
Indakälven River water 2.211832 CIRE 
| Well » 5 |170 9 3 
: f River water 21620 #8 01e 
Ljungan \ Welle do 5 rar 15 a4 
: River water 1.024 0125 
jE 
jusnan { Well 5 = 7 5 
lk { River water 2:0. 25.3162. 
Bases \ Well » 28 |150 |10 | — 
Närkes Svarti River water 6:6) 43.9 124-9 
Well » Io |103 9 5 
Nie hapa J River water | 12.7| 58.0 | 6.2 | — 
OP \ Well » 2.525808 IR 
Miélnaa f River water | 27.91138.4| 9.6 | — 
setae \ Well » |35 [416 [58 | 28 
NER J River water 7.9| 49.6| 7-1 | — 
Stangan | Well R 6 és lt = 
P River water .1| 40.1 | 6.8 | — 
E f JEUNE 
Fr \ Well » 9 753 len ire 
st : f River water 5.31 30 607 OI 
MIE \ Well” >» 16 |157 1281758 
Hdes J River water 7.4| STONES AE 
se \ Well » 35.0215 |33 |38 
s, | f River water | 33.6|202.5 |14.2 | — 
Tommarpsän \ Well 5 Be ee > 
de River water | 30.7|210.7 |18.7 | — 
Kävlingeän { Well e = ko te 
x 3 River water | 14. 5.0 | — 
R f 4-9] 94.1 |15.0 
ônneàn Well x 45 (316 sr 27 
iver water 4.9| 27.9 | 6.8 | — 
Lee DUC 94126 120 127 
‘ River water 6. : .0 | — 
N J 9| 33.3 | 7-0 
er \Wel » 9. 705 jer 15 
Bra f River water | 5.3] 36.8| 7.4 | — 
RATE, Sr 5S MOF MAES MIO 
nah | River water 7.9| 48.7 |10.9 | — 
Viskan | Well x o lke à 5 
Kloréiven f River water 2°51 228010382 — 
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A ıver water — 49.5 55 
Olman \ Well x u.les a: à 
: River water 2.9| 21.8 — 
Gullspangs- J 9 4-3 
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denudation have used the amount of salts 
emptied into the sea by the rivers as a measure 
of denudation (BAULIG, 1910, ERIKSSON, 1929). 
In the table we find the amount of total salts, 
Cl, SO, and NO, of the well waters of dif- 
ferent rivers in Sweden. 

From this we see that the amount washed- 
out of the soil is much greater than that 
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Fig. 1. The concentration (salinity) of well waters of Sweden. The figures give the concentration 
in mg/litre. The analyses obtained by the courtesy of the Institute of Public Health. 
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emptied into the sea. The salts must thus be 
precipitated or absorbed either in the subsoil 
(the deeper layer) or in the rivers and lakes. 
It is interesting to see that from the poor 
waters more is precipitated than from the rich 
ones. 

The total amount of the chemical denuda- 
tion amounts to about 20 mill. tons a year or 
soo kgs per ha. 

In the investigations regarding the composi- 
tion of river water from Sweden by JOEL 
ERIKSSON (1929), no analyses were made of the 
content of nitrates. It is therefore impossible to 
make a comparison like that for the other salts 
but I have examined all data published by 
Horman-Banc (1902—03) and SONDÉN (1914) 
and from this is seen that practically all river 
waters are free from nitrates. Here probably the 
organisms of the rivers have assimilated the 
total amount of the nitrates. 

On the other hand the rivers carry large 
amounts of nitrogen to the sea. It is very 
probable that this consists of colloidal and 
suspended peat and humus (ERIKSSON, 1929, 
Horman-BAnG, 1902—03). At least this is 
often the case in Swedish rivers. But we know 
rather little of this problem. One may esti- 
mate the denudation with the rivers to 3 
kg N ha and year. The nitrates of the ground 
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water will amount to 11 kg N per ha. and 
year. 

The question then arises: will there be 
anything left of nitrogen in the soil or have 
we to expect a depletion. Dalecarlia has re- 
cently been very closely investigated geolog- 
ically. On the basis of the investigation made 
we have a humuslayer chiefly in peat bogs 
in average containing about 30,000 kg N/ha. 
We may assume that this accumulation has 
gone on for the last s—ıo thousand years. 
This would be a net accumulation of 3—6 
kg N/ha. and year. 

As the nitrogen is the most scarce and most 
essential nutrient of the soil such an investiga- 
tion as that discussed here is of the utmost 
practical interest. Are we able to enrich the 
soil with nitrogen we may produce more on 
the soil. 

But we still lack essential data about 

1) nitrogen fixed 

2) the amounts of nitrogen denuded and 
carried off to the sea 

3) the amount of water percolating through 
the soil. 

4) An investigation with regard to nitrogen 
similar to that which Joel Eriksson has pub- 
lished regarding other water properties must 
be made. 


REFERENCES 


Bauuig, HENRI, 1910: Ecoulement fleuvial et denuda- 
tion. Annales de Géographie XIX. 

Bennet, H. H., 1939: Soil conservation. Mc. Graw Hill 
Book Co. New York and London. 

ERIKSSON, JOEL, 1929: Den kemiska denudationen i 
Sverige. Meddelanden fran Statens Meteorologiska- 
Hydrografiska Anstalt, 5. 


Harvey, H. W., 1926: Nitrates in 
Biol. Ass. U.K., Plymouth. 


the sea. Marine 


HorMAn-BANG, O., 1902—03: Studien über schwe- 
dische Fluss- und Quellwasser. Bull. of the Geological 
Institution of the University of Upsala. VI. 

Meddelanden fran Statens Meteorologiska Hydrografiska 
Anstalt 1914—51, 1—14: De svenska vattendragens 
arealförhällanden. 

SONDEN, KLAS, 1914: Anteckningar rörande svenska 
vattendrag. 1. 11. Stockholm. 

Urs, Wait, 1925: Physiographie des Süsswassers. En- 
cyclopädie der Erdkunde. Leipzig und Wien. 


A Laboratory Study of the Wind-driven Ocean Circulation.’ 


By WILLIAM S. von ARX 


Woods Hole Oceanographic Institution, Woods Hole, Massachusetts 


(Manuscript received 10 August 1952) 


Abstract 


Experiments with rotating oceanographic models are being attempted in the laboratory at 
Woods Hole in the hope that some information may be gained which will help to close the gap 
between recent theories of ocean circulation and the observed nature of the circulation. Recent 
theoretical descriptions by STOMMEL (1948) and Munk (1950) indicate the broad features of the 
climatological mean circulation pattern. In contrast, observations usually allow description of 
possibly transient situations in only relatively small regions. The major observational problem 
at the moment, short of synoptic measurements over large areas, is to learn how the observations 
made from moving ships fit into the pattern of very large scale fluid processes. 

Some insight has already been gained through the search for atmospheric counterparts initiated 
by Dr C.-G. Rossby, and it is hoped that a wind-driven model of the oceans may offer additional 
clues. It is recognized that ocean models cannot be scaled in every particular and that the scales 
taken into account may lead to error since processes of verification, ordinarily used to test the 
suitability of hydraulic models, cannot be applied. Thus the behavior of a rotating model can 
bear a limited resemblance only to contemporary ideas of what the primary ocean circulation 
may be like. 

In terms of these ideas, however, it has been possible to reproduce westward intensification 
of the primary circulations in compartments shaped like the North Atlantic and North Pacific 
basins. Sargasso Sea-like features and several details have also appeared which are qualitatively 
like contemporary views of the major motions of the sea. These major, and some minor features 


of the circulation develop rapidly under wind-stress applied to homogeneous water. 


I. Description of the apparatus 


A basin having the internal form of a parab- 
oloid of revolution was chosen because it 
provides a Coriolis parameter which varies 
with latitude, and a free liquid surface which 
is accessible for the application of wind stress, 
heat, light, and tracer materials. In a paraboloid 
of reasonable depth, however, the Coriolis 
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parameter does not ordinarily approach zero 
at the rim. Therefore, experiments are gener- 
ally limited to extratropical regions unless 
geometrical and dynamical distortions of 
various sorts are allowed. Figure 1 shows 
the arrangement of parts. 


a) The mechanical system 


The paraboloidal basin now in use is 2 
meters in diameter and has a focal length of 
0.5 meter. The paraboloid rises from the 
vertex to the latus rectum, then enters a toroidal 
section and is terminated in a cylindrical 


Fig. 1. General arrangement of the rotating basin appa- 
ratus. The control panel at the extreme right is acces- 
sible from the observers desk at the eye end of the 
optical train. The basin itself is mounted in a concrete 


sump below the observation platform. The drive 

machinery can be seen at the lower right. The main 

light at the effective center of curvature of the basin 

and the blowers around the basin are suspended from 

the platform. The continental modeling is 6 cm high 
and cemented in place. 


section extended high enough to prevent a 
layer of water 10 cm deep from overflowing 
at the equilibrium rate of rotation. The 
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basin is made of fiberglass bonded with a 
plastic. Eight ribs are bonded to the basin 
and to a stainless hub at the vertex. The basin 
weighs about 80 kilograms and will support 
a 500 kilograms load of water. 

The basin is mounted on the end of a ver- 
tical shaft 10 cm diameter by 0.6 meter high, 
fitted snugly into two self-aligning radial- 
thrust bearings in a heavy, welded steel tripod 
which is secured to a concrete slab by nuts on 
three leveling screws embedded in the slab. 
The drive for the basin consists of a 1 H.P. 
capacitor-starting synchronous motor which 
drives the basin through a variable-ratio V-belt 
speed controller and a worm gear speed re- 
ducer. The basin shaft is coupled to the drive 
by a V-belt which has proven satisfactory 
when run with considerable slack. Once the 
basin has been accelerated to speed, it runs 
nearly free of the drive machinery except for 
the small amounts of power required to 
overcome friction and air resistance. The 
equilibrium rate of rotation of the basin is 
3.13 radians per second, hence the tangential 
velocity of the rim is over 3 meters per second. 
Even so, the water in the basin remains quiet 
and the free surface is smooth except for the 
wind ripples which become noticeable in the 
zone within 20 to 35 cm of the rim. These 
ripples can be damped out by means of a 
detergent on the free surface. To avoid seiches 
the vertical shaft carrying the basin must be 


quite plumb. 
b) The optical system 


The optical system for observing the circula- 
tion in the basin and illuminating it requires 
consideration. In the Woods Hole installation, 
where there is only limited head-room, the 
entrance pupil of the optical system was, o 
necessity, placed 2.5 meters above the vertex 
of the paraboloid, hence a true field of 60° 
was required. This was accomplished by view- 
ing the basin through the “wrong end” of a 
surplus M7rH_ tank telescope having a 65° 
apparent field, focused so as to produce a 
beam of parallel rays emerging from the 
objective end. This places the image of the 
basin at infinity. Derotation of the image is 
accomplished with a Dove prism. This com- 
ponent, mounted in precision ball bearings, 
was placed in emergent beam and rotated by 
means of a selsyn repeater motor driven by a 
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similar selsyn motor linked to the basin shaft 
by a rubber belt. The sheave ratio at the basin 
shaft was made 1/3 and the sheave ratio at 
the Dove prism 6/1, so that the Dove prism 
revolves at one-half of the basin rate regard- 
less of the angular velocity of the basin, while 
the selsyns themselves turn over at a more 
efficient rate. It was found expedient to provide 
the Dove prism sheave with a cylindrical 
face and the repeater selsyn sheave with a 90° 
groove so that small changes required to 
adjust the ratio of these two sheaves could be 
effected by changing the tension of the round 
rubber belt connecting them. 

A Dove prism must be placed in a beam of 
parallel light, so that the aberrations introduced 
at the first refracting face are exactly cancelled 
by the second. A Schmidt prism, or an equiva- 
lent system of plane mirrors, may be used if 
parallel light cannot be managed. Both prisms 
offer an odd number of internal reflections 
(one in the Dove prism and five in the Schmidt 
prism) so that an additional reflection is re- 
quired to revert the image. This added re- 
flection was obtained from a plane first-surface 
mirror ahead of the entrance pupil. This 
proved to be a convenient way to change the 
axis of the optical system from vertical to 
horizontal under low head-room conditions. 

The parallel beam emerging from the Dove 
prism provides a stationary, real image at in- 
finity which has only a small angular size due 
to the negative magnification of the reversed 
telescope. This image can be examined com- 
fortably through a second telescope or photo- 
graphed directly if lenses of suitably long 
focal length are used to cause the image to 
fill the frame. Exposures longer than one 
second have been possible. The light losses 
in the optical train amount to about 60 per 
cent. 

Time lapse motion pictures have been 
made through this optical system which are 
synchronized with the rotation of the basin. 
A microswitch trips the camera electrically 
as it is engaged by combinations of 16 pins of 
different lengths concentrically arranged on a 
disc turning with the basin shaft. Of the 16 
pins, one is longest, one is located at 180° 
from the first and is made a little shorter, two 
at 90° to the first pair are equal in length but 
shorter than the second mentioned, four still 
shorter pins are located at the 45° positions, and 
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the eight shortest pins are located at the 22.5° 
positions. Thus by simply raising and lowering 
the micro-switch the camera can be tripped 
I, 2, 4, 8, and 16 times per basin revolution 
regardless of the angular velocity of the basin. 
A small light mounted at rest in the field of 
view appears as a streak in each exposure 
indicating the angular motion during and 
between exposures. The duration of exposures 
and time elapsed between them can be meas- 
ured in this way. 

The main source of illumination is a 2000 
watt lamp. The lamp is placed at the effective 
radius of curvature of the paraboloid so that 
the illumination is quite uniform and reflec- 
tions from the free surface are returned to the 
light source. 

The optical system is supported indepen- 
dently so that the vibrations of machinery 
do not disturb it, and the activities of the 
observer do not change its alignment with the 


. . co) - 
axis of rotation of the basin. 


c) The pneumatic system 


The air streams over the model which are 
used to simulate atmospheric circulations are 
produced by three tank-type vacuum cleaners 
operating wrong-end-to as blowers, and 
spaced 120° apart around the basin. When 
equipped with nozzles these blowers can be 
aimed at limited zones of the paraboloid to 
increase or decrease the local relative motion 
of air beyond that due to the rotation of the 
basin. A variac controls the speed of all three 
blowers simultaneously. Suitable wind torques 
can be achieved either by directing the blowers 
so as to produce westerlies in temperate lati- 
tudes or easterlies in the trade wind zone. 
The latter requires smaller discharge velocities 
from the blowers and is more generally used. 


d) Tracers 


The matter of tracers for the detection and 
measurement of water motion is unsettled. 
Neutrally buoyant ink, potassium permanga- 
nate, aluminum tristearate, n-butyl phthalate 
and xylene, aluminum foil and several other 
substances (including cranberries) have been 
used at different times. The ink-potassium 
permanganate combination is useful since 
the ink stays near the surface and the permanga- 
nate crystals sink to the bottom to produce 
trails of color. In regions of upwelling the 
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permanganate solution oxidizes the ink and 
changes the color of the mixture. The latter 
three tracers are essentially particulate but 
none has a high enough albedo to permit 
satisfactory streak photographs to be made 
with the present apparatus. An interesting alter- 
native to streak photographs has been proposed; 
namely, if the two instantaneous photographs 
taken at slightly different times, the stereoscopic 
relief of displaced particles or dye fronts would 
be proportional to the velocity. In this manner 
a velocity solid might be visualized or con- 
structed. 


e) Comments on design 


The design of the mechanical and optical 
systems for this rotating basin apparatus was 
exploratory, and can be improved in many 
ways. For example: ultra-wide field astronom- 
ical optical systems exist which, with a 
Schmidt prism for derotation, would be an 
improvement over the rather crude optical 
system now in use. Similarly, the frequency 
controlled synchronous telescope drives already 
in use in some observatories could be adapted 
to the basin drive to afford not only a steadier 
motion but better control and measurement 
of the angular velocity. Wind stresses should 
be applied in a more elegant manner than at 
present, and should be subject to better quanti- 
tative control. The matter of suitable tracers 
for the detection and measurement of cir- 
culation at all levels requires more study. 


2. Scaling and modeling 


An oceanographic model requires that cer- 
tain elementary properties of the lithosphere, 
hydrosphere, and atmosphere be represented 
together. Since the hydrosphere is the principal 
object of study, the functions of the lithosphere 
and atmosphere are of consequence only where 
they touch the hydrosphere. Thus it is sufficient 
to model in the coastlines and ocean bed, and 
to reproduce the surface winds over the ocean 
areas. 

The original choice of the diameter and 
focal length of the paraboloid imposes limits on 
the scale and degree of similarity attainable. 
If the diameter of the basin is equal to four 
times the focal length, the rim makes an angle 
of 45° with the axis of rotation and limits 
the variation of the Coriolis parameter from 
0.707 f at the rim to fat the vertex, or pole. 
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Fig. 2. Gnomic projection of the landmasses of the 

northern hemisphere on the interior of the paraboloidal 

basin. The variation of the Coriolis parameter at the 

equilibrium speed of rotation and the change of the 

combined gravitational and centrifugal accelerations 
are indicated. 


The absolute magnitude of the Coriolis param- 
eter is determined by the rate of rotation 
of the basin, which cannot (for practical 
reasons) depart from the equilibrium rate by 
more than a few per cent. This rate, in effect, 
also fixes the time scale of the model. For the 
Woods Hole basin, T; is approximately 2.3 x 
TOME 

Despite the limitation that the Coriolis 
parameter cannot approach zero at the rim, 
the topography of the entire northern hemis- 
phere has been projected on the interior of the 
paraboloid as an experiment, by the method 
shown in Figure 2. The projection was made 


gnomonically from the center of a sphere 


having a radius equal to the focal length of 
the paraboloid, placed so as to be tangent to 
the paraboloid at the vertex. The north pole 
of the sphere and the vertex of the paraboloid 
coincide. The resulting scale of the projection 
on the basin is the same as that of the sphere 
at the pole but increases toward the equator 


at the rim to 2 V2 times the north-south 
dimensions and 2 times the east-west dimen- 
sions of the sphere. This distortion is not 
objectionable to the eye. 

Assuming that the length of a quadrant on 
the paraboloid is a characteristic length, the 
ratio L, becomes 0.8 x 1077 approximately, 
with respect to a quadrant on the earth. From 
this and the estimate of the time scale, T;, the 
coefficient of lateral eddy diffusivity may be 
scaled by the ratio (L,)2/T,, or 0.3 x 107%. 
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If a representative value for the lateral eddy 
diffusivity is in the order 10° cm?/sec. the 
scaled value for the basin becomes about 
1 cm?/sec. which can be maintained experi- 
mentally. 

The depth of water in the model may be 
exaggerated to allow for the nearly 100:1 
inequality of the vertical and horizontal values 
of eddy diffusivity in the real ocean. If oceans 
are in the order of one thousand times wider 
than they are deep, an appropriate depth of 
water in the model is as much as one-tenth 
of the model ocean width. This can be ac- 
commodated, but departures from this ratio 
seem experimentally to produce very little 
effect. 

Two other distortions exist in the paraboloid 
which are different from the situation on the 
earth; namely, the variation in the effective 
acceleration of gravity from g at the pole to 


g V2 at the rim, and the fact that at the 
equilibrium rate of rotation the depth of 
water measured normal to the free surface 
decreases as the cosine of the parabolic lati- 
tude. The increase of g and decrease of nor- 
mal depth at the equilibrium rate of rotation 
cause the water to exert equal pressures on 
equal areas of the basin itself, but for the 
isobaric surfaces above the bottom to diverge 
poleward. This has an extraordinary effect 
which was explained by Dr C.-G. Rossby, 
that under these circumstances the cyclonic 
vorticity tendency associated with the hori- 
zontal convergence of the stretching water 
columns transferred from the rim to the pole 
is exactly equal and opposite to the anticyclonic 
vorticity tendency associated with the north- 
ward change in latitude. As a result, westward 
intensification of the circulation does not 
occur at the equilibrium rate of rotation. 
Having the effective planetary vorticity adjust- 
ment of the tendency under experimental 
control through meridional change in the 
depth of water in the model it becomes pos- 
sible to study the changes in the broad pattern 
of the circulation under different combinations 
of the planetary, wind-stress and frictional 
vorticities. When the effective planetary vor- 
ticity tendency is increased by increasing the 
rate of rotation of the basin so that the nor- 
mal depth at the rim is about 1.7 times that 
at the pole, the normal westward intensification 
of the circulation appears. If the rate of rotation 
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Fig. 3. Experimental distribution of zonal wind stress 

(dashed line) compared with that derived by Munk 

(1950) (solid line) from records of the average zonal 
wind stress over the earth. 


is made correspondingly less than the equili- 
brium rate of rotation the sign of the plane- 
tary vorticity tendency is reversed, the circu- 
lation pattern is rotated 180°, so that the 
intensified circulation follows the eastern 
margins of the ocean basins. This occurs 
without any change in the intensity or dis- 
tribution of wind torque. Theoretically the 
normal westward intensification should occur 
in the model when the depth normal to the 


free surface at the rim is (1+ 1/V2) times 
greater than that at the pole. The rate of rota- 
tion necessary to achieve the proper ratio of 
depths is, of course, a function of the average 
depth. 

Figure 3 represents the experimental distri- 
bution of wind stress superimposed on that 
determined by Munk from average winds 
over the earth. The experimental curve 
approximates the natural one only in mid- 
latitudes. Experimentally the latitude of the 
inflection point seems to be more significant 
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than the latitudes of the wind stress maxima, 
therefore attention has been concentrated on 
this adjustment for the time being. It is con- 
sidered at the moment that a first approxima- 
tion of the proper intensity of wind torque 
has been reached when the current velocities 
in the water approach the velocity scale L,/T, 
or 0.4x1072. The magnitude of the wind 
torque required to bring the velocity of the 
Gulf Stream nearly in scale is approximately 
0.007 dyne/cm?. 

Because wavelets produce turbulent mixing 
at the coastlines, the wind stresses on the basin 
have been kept as small as possible. Wavelets, 
it is found, can be damped out to a great 
extent by covering the water surface with a 
film of Aerosol (a laboratory detergent). This 
film seems to have no important effect on the 
ratio of a given wind velocity to the water 
velocity produced. KEULEGAN (1951) reports 
similar results using Glim. 

Modeling of the land masses has been done 
in commercial grade sponge rubber. This 
material permits the carving to be done orig- 
inally on flat sheets which are easily bent to 
conform with the paraboloidal shape of the 
basin. The modeling was cemented in place. 
Besides being convenient to use, the sponge 
rubber modeling presents a rough surface 
along the margins of the ocean basins in 
contrast to the glassy smooth finish of the 
plastic of the basin which forms the bottom 
surface. The lateral roughness is of theoretical 
as well as experimental importance and can 
be changed through a wide range by either 
serrating the rubber, cutting it smoothly with 
sharp tools, or filling the pores with paint so 
as to be almost as smooth as the plastic surface 
of the basin. It is found that the roughness of 
the order of pore size in the rubber is of less 
consequence to the circulation than the large 
scale roughness of the geography of the conti- 
nental masses themselves. 


3. Some oceanographic results 


The rotating basin experiments at Woods 
Hole have been in progress only a few months, 
so that this discussion is both qualitative and 
subject to change. It is regretted that no in- 
stantaneous photographs of the circulation, 
such as Figure 4 (opposite p. 318) can represent 
the changing occurrences that may be seen 
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during an hour’s operation of the basin. The 
description that follows has been written with 
the realization that others might have described 
or interpreted the same experimental results 
in other ways. 

When the model is rotated at the optimum 
angular velocity for normal westward intensi- 
fication, the circulation in both the North 
Atlantic and North Pacific compartments is 
dominated by a swift, narrow current flowing 
along the western margin of each compart- 
ment. The current in the North Atlantic com- 
partment follows a course similar in many 
ways to present ideas of the course of the Gulf 
Stream. This current is composed of water 
from the south central North Atlantic area; 
from the slow drift of water upwelling in the 
lee of the West African bulge, and from the 
swift and relatively narrow Guiana current 
flowing northwestward along the northern 
coast of South America. Water from these 
sources flows through the Caribbean and 
through the Straits of Florida with very little 
transverse mixing. There is a pulsation of the 
flow through the Florida Straits which in- 
fluences both the anticyclonic sweep of a small 
fraction of the flow into the eastern part of 
the Gulf of Mexico and the steadiness of the 
flow downstream as far as the Grand Banks. 
The similarity of this flow to the Gulf Stream 
extends to such details as the persistent anti- 
cyclonic bend over the Blake Plateau, and the 
oscillating cyclonic and anticyclonic curvature 
of flow east of Cape Henry. Meander struc- 
tures of standing or slowly progressive (down- 
stream) waves have occurred in the region 
between Cape Hatteras and the Grand Banks 
in recent experiments. These are similar to 
the actual meander structures that have been 
described by ISELIN and FUGLISTER (1948) and 
FUGLISTER and WORTHINGTON (1951) except 
that the wavelength is too long by a factor 
of about three. 

FUGLISTER (1951) has also described some 
branches of the Gulf Stream system in the 
vicinity of the Grand Banks. Branching has 
been observed in the basin current in this re- 
gion but the character of the circulation appears 
to be different. Multiple currents in the basin 
consist in stagnating streamers on the southeast 
side of the main current. A sudden disconti- 
nuity may occur in the flow which causes the 
active current to pass the older segment on the 
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left. If the new thrust does not branch in the 
cyclonic circulation of the Labrador Sea it 
may penetrate northeastward as far as the 
coast of Norway before stagnating and being 
itself wedged aside by the next active thrust. 

The circulations produced in the rotating 
basin resemble the ocean surface circulations 
best in the western regions of intense currents 
and sharply bounded water masses. In order 
to obtain a pattern of circulation along 
the eastern borders of the North Atlantic 
that resembles the patterns thought to exist, 
and for the North Atlantic Current to 
make its way toward the British Isles and 
to turn into the Arctic Ocean along the 
Norwegian coast, it is necessary in the model 
to vent the Arctic Ocean basin and return 
this discharge to the vicinity of the Gulf of 
Guinea. This artifice may be equivalent to the 
sinking of water in the northern North At- 
lantic, and the return, as either equivalent to 
upwelling off the coast of West Africa or 
possibly to the penetration of surface water 
northward across the equator from the South 
Atlantic Ocean. 

The circulation of the North Pacific Ocean 
resembles some contemporary ideas of the 
actual circulation in several respects. In the 
model the Kuroshio is shorter than the Gulf 
Stream. It develops from the North Equatorial 
Current in the latitude of the Philippines 
north of Mindanao, accelerates steadily on its 
way past Formosa and the Ryikyu archipelago, 
is both swiftest and narrowest as it skirts the 
southern coast of Japan. During some experi- 
ments the Kuroshio stands off the southern 
coast of Japan, resembling to some extent 
the cyclonic bend described by Upa (1949), 
(951). Beyond the 140°E meridian the 
Kuroshio decays rapidly, as does the Gulf 
Stream when it merges into the North At- 
lantic Current, and the circulation becomes 
quite sluggish. The equivalent of the Sargasso 
Sea in the Pacific is a very small patch of re- 
latively motionless water directly south of the 
Kuroshio. 

The prolongation of the Kuroshio Extension 
across the northern Pacific as the North Pacific 
Current is a slow, persistent movement which 
has no well defined boundaries but which 
accelerates slightly along the California coast 
and weakens again before joining the North 
Equatorial Current formed by the confluence 
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of this water with the circulation northwest- 
ward along the west coast of Central America. 
The North Pacific Current crosses the mouth 
of the Gulf of Alaska and either contributes to, 
or sets up, a slow cyclonic circulation in the 
Gulf between Queen Charlotte Island and 
the beginning of the Aleutian archipelago. A 
similar cyclonic circulation appears east of the 
Kuril Islands, and a current flows southeastward 
along that chain which corresponds in a 
general way to the Oyashio. In certain experi- 
ments strong eddies develop in the region 
where the Kuroshio Extension and Oyashio 
meet off the coast of northern Japan, but in 
others the confluence is smooth or the Oyashio 
itself does not appear. 

Within the main body of the North Pacific 
there is a slow general motion southward 
and southeastward from the paths of the 
strongest currents in the northwest which 
carries the complex filaments developed in 
the north toward the North Equatorial Cur- 
rent. The major contributions of water from 
the North Pacific to the North Equatorial 
Current appear to occur in the region between 
the coast of Central America and the 150° W 
merician. 

While the circulation within the North 
Pacific Ocean compartment is similar to that 
in the North Atlantic compartment, there are 
marked dissimilarities of detail. These may be 
due as much to the effects of northern seas 
on the Atlantic circulation as to the difference 
in shape and size of the two oceans in the 
temperate and equatorial latitudes. 


4. In prospect 


In none of the experiments with ocean com- 
partments of realistic shape has it seemed 
desirable to include bottom topography other 
than that of the continental shelves to the level 
of the 200 meter isobath. Deeper topographic 
features such as major ridges and swells alter 
the circulation too much, and yet some modi- 
fication of the otherwise featureless bottom 
seems to be needed. The surface circulation is 
thought to be represented in the basin and 
since, in nature, this is largely confined to the 
levels above the main thermocline, it may be 
that this interface is of importance to the wind- 
driven circulation. Experimentally a bottom 
surface having the topography of the main 
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thermocline would influence the local changes 
in the planetary vorticity tendency and may 
alter the circulation pattern in instructive ways. 
In past experiments this has been considered 
as only a simple function of latitude. 

Attempts to develop a density interface 
similar to that at the thermocline, through the 
solution of crystalline table salt dropped to the 
bottom of the basin, have failed. This failure 
is presumed to result from the halocline 
adjusting to an isobaric surface in which case 
the planetary vorticity tendency is canceled for 
motions in the upper less saline layer. 

In homogeneous water, however, the Coriolis 
force is balanced only by the pressure gradient 
due to elevation of the free surface. Near 
the bottom, where velocities are small, the 
pressure gradient is greater than the Coriolis 
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force. Therefore, there is marked anticyclonic 
motion in the bottom layer beneath the surface 
dome of the Sargasso Sea area. A line of weaker 
horizontal divergence extends northeastward 
from this point into the northern North At- 
lantic. There is a similar but weaker bottom 
circulation in the Pacific compartment. Pre- 
sumably this mode of motion would not 
occur were it possible to establish a two layer 
system without losing experimental control 
of the planetary vorticity adjustment, except 
during periods of rapid acceleration due to 
increased wind torque. This problem and a 
study of the circulation resulting from equato- 
rial heating and polar cooling in the absence 
of wind is of present interest, as are the cir- 
culation systems of the southern hemisphere. 
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a) Color streamers from potassium perman- 

ganate crystals scattered on the bottom of the 

basin rotating at 3.18 radians/sec. Average depth 
of water 4 cm. Revolutions from start 24. 


b) Same as (a) 150 revolutions from start. Color 
rises to the surface and occupies full depth of 
water in the regions of the coastal water masses. 


c) Occurence of patches of water on the right 

of the Gulf Stream system between Cape Hat- 

teras and Grand Banks which may be similar 

to the patches of unusually warm water asso- 
ciated with the Gulf Stream. 


d) An example of the type of multiple current 

in the Gulf Stream system in the vicinity of 

Grand Banks revealed in the basin. This differs 

from the description of the natural occurrence 

given by FUGLISTER (1951) and may not be the 
same phenomen. 


e) Structure of the Gulf Stream and Kuroshio 
current systems 400 revolutions after the intro- 
duction of potassium permanganate crystals on 
the bottom and blue ink on the surface. The 
pulsating character of the flow of the Gulf 


te) 


Stream can be recognized, and the cyclonic 
bend of the Kuroshio described by Upa (1949), 
(1951) is suggested. 


f) Further developments of the experiment 

shown in (e) at 450 revolutions. The small 

amount of lateral mixing along the course of 

the intensified western circulation is shown as 

well as the relative areas of the Sargasso Sea 
and its equivalent in the Pacific. 


The quadrilateral compartment in the middle of Asia can be used as a control. The boundaries of this comp- 


artmen 


are straight sided and uniformly smooth. In all of the photographs the Arctic ocean is permitted 


Determination of the Sense of Polarization of the 


Magneto-Ionic z-Component 


By BJORN LANDMARK, the Norwegian Defence Research Establishment 


(Manuscript received 28 August 1952) 


Abstract 


The sense of polarization of the third magneto-ionic component, the z-component, was 
determined in a number of cases at the Auroral Observatory at Tromsö during October 1951. 
The observations showed without exception that the z-component was polarized in the same 


way as the ordinary component. 


I. Introduction 


The third magneto-ionic component, the 
z-component, was first reported by ECKERSLEY 
(1933). Today the z-component is a well known 
phenomenon at all stations at high latitudes. 
Thus at the Norwegian Defence Research 
Establishment at Kjeller (60° N, 11° E), re- 
cordings of both E- and F-layer triple splits 
are common, and at the Auroral Observatory 
at Tromsé (70° N, 19° E), the z-component 
is almost a daily returning phenomenon. 

In the last years the magneto-ionic triple 
splitting has been treated theoretically by a 
number of writers. The z-wave may be ex- 
plained as due to a coupling of the usual ordi- 
nary mode to the isolated extraordinary mode. 
The most complete treatment of the problem 
has perhaps been given by RypBECK (1951). 
He shows that for even a smooth ionosphere 
at moderately high geomagnetic latitudes 
a z-wave is excited by the vertically incident 
ordinary wave in the neighbourhood of and 
at the ordinary reflection level. 

According to the theory, the z-component 
should be polarized in the same way as the 
ordinary component. HOGARTH (1951), has 
published a single observation showing that 
this is the case. The purposes of the present 
paper is to present additional observations of 
the effect. 


12—204486 


2. Experimental method 


Different methods have been used in order 
to determine the state of polarization of radio 
waves. In 1932 APPLETON and WATSON-WATT, 
(WATSON-WATT, 1946) introduced the ca- 
thode ray direction-finding technique. 


By this technique, the reflected echo is 
resolved into two components, at right angles, 
by a crossed loop receiving antenna system. 
The two components are connected, through 
identical HF-amplifiers, to the x- and y-plates 
of a cathode ray tube. If IF-amplification is 
used, the local oscillator must be common. If 
an elliptically polarized wave is reflected verti- 
cally from the ionosphere, the ellipse of pola- 
rization will be directly visible on the screen 
of the cathode ray oscilloscope. 


A detailed study of the state of polarization 
can only be made if the echos appearing on 
the screen can be isolated. Appleton and Wat- 
son-Watt solved this problem by introducing 
a circular timebase on the screen with a time- 
base frequency equal to the pulse repetition 
frequency of the emitted waves. This solution 
does not utilize the screen to its full extent 
and the accuracy is therefore limited. By a 
time selection technique (gating) it is possible 
to remedy this difficulty. The cathode ray 
tube is opened by electronic gate-impulses in 
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Fig. 1. Determination of the sense of polarization. 


synchronism with the wanted signals, otherwise 
it remains closed. 

Appleton and Watson-Watt determined the 
sense of polarization (sense of rotation of the 
field vectors) by studying the alterations of 
the ellipse on the screen when altering the 
trimming capacity in one of the HF-amplifiers, 
thus introducing a known phase shift. This 
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method is somewhat difficult since the ellipses 
undergo constant and rapid fluctuations. In 
Fig. 1 is illustrated another method by which 
this difficulty was overcome. As before the x- 
and y-plates of the cathode ray tube are fed 
from the two loops respectivily, with conser- 
vation of phase relationship. The signal on 
the x-plates is shifted 90° in phase by the re- 
sistor R and the condenser C, and the phase- 
shifted signal is amplified in the pentode V,, 
the anode circuit of which is tuned to the signal 
frequency. The phase-shifted signal is fed to 
the grid of the cathode ray tube via a conden- 
ser. When the gating signal from the pentode 
is positive, the brilliancy of the cathoderay 
tube will increase; when the signal is negative, 
the brilliancy will decrease. The gating signal 
goes positive 90° before the signal on the x- 
plates. This will make visible the upper or 
the lower part of the ellipse during each cycle 
according to the sense of rotation of the field 
vectors. Thus, the sense of polarization can be 
easily determined, as illustrated in Fig. 1, even 
if the ellipse of polarization be rapidly varying 
in size and shape. 
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Fig. 2. Block-diagram of the radio polaritmer. 
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The complete determination of the state of polarization for an ordinary and an extraordinary echo 


from the F,-layer. The observations were made at the Norwegian Defence Research Establishment, Kjeller, 
on November 14th at 1330 MET on a frequence of 7.7 Mc/s. 


In Fig. 2 is illustrated the basic principles of 
the radio polarimeter. The reception system 
consists of an HF-direction-finder of standard 
naval type, described by DE WaALDEN, ROCKE 
and BARRAT (1947). V, and V, are two cathode 
ray tubes. V, gives the usual echopattern. 
A timebase is fed to the x-plates, and the signal 
together with height marks (each so km 
apparent height) is fed to the y-plates. V2 
is opened by an intensity modulation gate- 
impulse. This gate-voltage is also in reduced 
form fed to the y-plates of V,, thus marking 
by a small pedestal on the trace the intervals 
in which V, is open. By altering the phase 
and width of the gate-impulse, the wanted 
signal may be selected. The signals from the 
two frame aerials are fed to the x- and y- 
plates of V, with conservation of phase rela- 
tionship. In addition, the signal from the 
x-plates is shifted 90° in phase, and by super- 
imposing this shifted signal on the gating- 


impulse of V,, the sense of rotation may be 
determined as described above. 


3. Results 


The radio polarimeter described in section 
(2) has proved to be well suited for the study 
of the polarization ellipse, and also for the 
determination of the sense of rotation of the 
field vectors. 

In Fig. 3 the complete determination of the 
state of polarization of an ordinary echo as 
well as an extraordinary one from the F:-layer 
is shown. 

In Fig. 4 an example is given which shows 
how the sense of polarization of the z-compo- 
nent is determined. The observation was 
made on October 24th at 0915 MET on a 
frequency of 4.4 Mc/s at the Auroral Observa- 
tory. In Fig. 4 the h’fregistration is also given 
which was obtained at o900 MET. From 
Figs. 3 and 4 it appears that the z-component is 
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Fig. 4. Determination of the sense of polarization of the z-component. The observation was made at the 


Auroral Observatory, Tromsö, on October 24th at 0915 MET on a frequency of 4.4 Mc/s. The h’f-registration | 


obtained at 0900 MET is also given. 


polarized in the same way as the ordinary com- 
ponent. 


The sense of polarization of the z-component 
was observed regularly during October 1951 
at the Auroral Observatory. The observations 
showed without exception that the z-compo- 
nent was polarized in the same way as the 
ordinary component. This means that the 
field vectors is rotating from North to West 
on the Northern hemisphere. 
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On the Budget of Angular Momentum in the Zone 


between Equator and 30 N 


By E. PALMEN and M. A. ALAKA, University of Chicago 


(Manuscript received 3 October 1952) 


Abstract 


A complete budget of angular momentum in the atmosphere is possible only by 
considering both the eddy transfer of angular momentum and the transport due to ‘mean 
meridional circulations”. An attempt has been made in the present paper to achieve such 
a complete budget for the zone 20—30°N using the data available. The mean mass trans- 
port in the tropical circulation cell accumulates high relative momentum (W wind) in 
the upper atmosphere of this belt, whereas the eddy transport distributes it northwards 

and downwards from this subtropical jet. 


I. Introduction 


Several attempts have recently been made 
to explain the maintenance of the zonal 
atmospheric circulation as a result of horizontal 
and vertical flux of relative angular momentum 
primarily due to large-scale eddies (MINTZ, 1951; 
PRIESTLEY, 1951; STARR, WHITE, 1952; WIDGER, 
1949). Whereas these attempts seem to give 
rather satisfactory results at higher latitudes, 
they have encountered considerable difficulties 
in the tropical and subtropical belts. As 
shown by meridional cross sections (MINTZ, 


postulates the existence of an upward eddy 
flux of momentum in the subtropical belt. 


As pointed out by PRIESTLEY (1951) and | 


(PALMEN 1951), a complete momentum 
budget necessitates the inclusion of a mean 
meridional circulation. Such a circulation, if 
existing, 1 instrumental in transforming 
absolute angular momentum (“w-angular mo- 
mentum’) into relative angular: momentum 
(“u-angular momentum’) of the subtropical 
jet stream. The further poleward transport of 
u-momentum from the belt of strong zonal 


motion along the poleward margin of the | 
tropical circulation cell can then primarily be | 
regarded as some kind of eddy flux, in agree- | 
ment with principles developed by V. P.! 


1951; PETTERSSEN, 1950), the strongest wester- 
lies aloft during winter are, on the average, 
located around latitude 25°—30° N. According 
to Y. Mintz (1951) and W. K. WiDGER (1949), 


this latitude is a zone where the northward 
angular-momentum flux due to large-scale 
eddies results in a momentum flux divergence. 
These eddies therefore tend to destroy the 
mean hemispheric “jet stream”. Other mech- 
anisms of momentum transfer are thus 
required to compensate for this divergence. 
In order to avoid this dilemma, Widger 


STARR (1948), J. BJERKNES (1948), and others. | 


The aim of the present paper is to investigate 
the effect of various mechanisms of momentum 
transfer operating in the lower latitudes. 


Since no new empirical data are presented | 


here, the paper should be regarded primarily 


as an attempt to discuss the principles of a. 


complete momentum budget by considering | 
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empirical data already in existence. Further, 
since the best data available are for the month 
of January, we shall limit our discussion to 
this month. The general principles, however, 
can presumably be extended to other months 
of the year. 

Our budget will consider the balance be- 
tween the following quantities in the belt 
o—30° N: 

a. The horizontal and vertical flux of angular 
momentum due to the mass transport resulting 
from a mean meridional circulation. 

b. The horizontal and vertical eddy flux 
of angular momentum. 

c. The angular momentum transfer from 
earth to atmosphere due to the surface stress 
of the wind. 


2. Mass transport in the tropical 
circulation cell 


Although the mean meridional circulation 
plays an essential role in all classical theories of 
the general circulation, very few attempts 
have been made to compute the mass transport 
in this mean circulation from real wind data. 
The discrepancy between the results achieved 
by C. H. B. PRIESTLEY (1951) and by V. P. 
STARR and R. M. WHITE (1952) concerning 
the net meridional air flow in the free atmos- 
phere indicates that the network of upper wind 
stations probably is not good enough for that 
purpose. By use of surface wind data, however, 
reasonably good values of the mass transport 
in the surface layer of the tropical and sub- 
tropical belts of both hemispheres can be 
computed, as H. Rrent and T. C. YEH (1950) 
have shown. The greatest difficulty, however, 
arises when one wants to estimate the change 
of this horizontal mass transport along the 
vertical. 

In order to obtain a minimum estimate of 
the masses involved in the meridional circula- 
tion, Riehl and Yeh assumed that the mean 
equatorward wind component decreases lin- 
early with height and vanishes at ı km. They, 
however, pointed out that the meridional 
circulation, computed under that assumption, 
obviously gives too small values. 

Several investigations indicate that the 
meridional wind component does not essen- 
tially decrease from the surface up to about 
950 or 900 mb. A study by RIEHL and collabo- 
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component between 1010 and 700 mb. 


rators (1951) showed this to be the case in 
the trade-wind zone of the eastern Pacific. 
Also, an investigation by K. M. Nagler, not 
yet published, gives similar indications. In 
order to estimate the mass transport involved, 
we shall therefore use the values of the surface 
flow during January, given by Riehl and Yeh 
in the above-mentioned paper. But concerning 
the vertical extension, we shall adopt two 
tentative assumptions: 

Model a: The surface meridional wind as 
computed by Riehl and Yeh is constant up 
to 900 mb and decreases then linearly to 
zero at 700 mb. 

Model b: The surface meridional wind de- 
creases linearly with height and reaches the 
value zero at 800 mb. 

The mass transport [m] across a given 
latitude @ between the isobaric surfaces p, and 


Pa IS 


Pi 
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sy Pe 
Here g is the acceleration of gravity, a the 
earth’s radius, and v the mean meridional 
wind component at an arbitrary isobaric 
surface at latitude @. If v denotes a “mean 
value” of the meridional component between 
the isobaric surfaces p, and p, the mass transport 
between these isobaric surfaces can be ex- 


pressed by 
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[m] u a Ê v (pı — Pr). (2) 


Fig. 1 gives the profiles of the meridional 
wind for our two schematic models (a) and 
(b). The quantity v (p, — ps) is determined by 
the area between the wind profiles and the 
coordinate axes. If we assume that the mean 
surface pressure is 1010 mb, it is easy to see 
that in model (a) the equatorward mass flux 
is two times that corresponding to model (b). 
Since no schematic assumption can exactly 
describe the distribution of meridional wind 
with height in the total belt Equator — 30° N, 
the above assumptions were selected in order 
to give a simple comparison. 

Table 1 gives values of the southward mass 
transport at different latitudes computed on 
the basis of model (a), if the surface wind vp is 
assumed to be equal to the values for January 
computed by RIEHL and YEH (1950). 


Table 1: Southward mass transport [m]p (unit 

10% tons/sec.) in the layer between 1010 and 700 

mb in the belt 30—0° N computed on the basis 
of model (a). 


Latitude | 30° 20° 


25° 


[m]p | 58 | 84 

The vertical mass flux through the upper 
boundary can be determined by the difference 
in horizontal flux across the parallels of two 
latitudes, if one assumes that there is no change 
in mass distribution. The vertical mass trans- 


ports through the 700-mb surface are presented 
in Table 2: 


Table 2: Vertical mass transport [m]p (unit 10° 
tons/sec.) through the isobaric surface 700 mb in 


the belt 30—o° N computed on the basis of 
model (a). 
Latitude [9° 17°, |7° 19° ro 50/5 0° 
2 20.15.1010 ; 
[m]p | 26|— 42 à | 56 | 67 


The mass fluxes according to model (b) 
can be obtained from Tables 1 and 2 by 
dividing the corresponding values by two. 
In this case, of course, the horizontal mass 
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transport will be for the layer between the 
surface and 800 mb, and the vertical mass 
transport will be that across the 800-mb 
surface. 


3. Flux of angular momentum due to 
meridional circulation 


If we multiply the quantities in Tables 1 
and 2 by the total angular momentum per 
unit mass 


Q =a a* cos*y + ua cos p (3) 


we obtain the horizontal and vertical transport 
of angular momentum across the horizontal 
and vertical boundaries in question. The angu- 
lar momentum transport can be expressed as 
the sum of two terms, one giving the transport 
of w-angular momentum, the other that of 
u-angular momentum. In view of the observed 
zonal wind speeds, the second term is small 
compared to the first. 

Since we assume a steady state, the south- 
ward mass transport in the lower layers must 
be compensated by an equal northward mass 
transport above the level of reversal of the 
meridional circulation (700 mb in model [a], 
and 800 mb in model [b]). Consequently, if 
we neglect the small effect of the variation in 
the distance from the earth’s axis, the intensity 
of flow of w-angular momentum must be the 
same, though its direction is opposite, in the 
two layers. The net transport of w-angular 
momentum across each latitude circle is 
therefore approximately zero when summed 
from the earth’s surface to the upper limit of 
the atmosphere; any net poleward transport 
of angular momentum across an arbitrary 
latitude is then determined solely by the flow 
of u-angular momentum. 

The angular momentum budget due to the 
meridional circulation computed from model 
(a) is presented in Figure 2. The arrows 
showing the horizontal and vertical fluxes of 
angular momentum point in the direction of 
the mean air movement. The erect figures 
give the flux of w-momentum and the slanting 
figures the flux of #-momentum. In computing 
the latter values the distribution of zonal wind 
according to Mintz (1951) was used. Since 
Mintz’ computation was not extended to the 
upper limit of the atmosphere and to the 
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Fig. 2. Flux of w-angular momentum (erect figures) and u-angular momentum (slanting figures) due to the 


meridional circulation computed from model (a) in Fig. 1. Encircled figures give the surplus or deficit of 
angular momentum in each block. Unit: 10° g cm? sec—?. 


Equator, the missing data were extrapolated. 
The possible errors made in the extrapolation 
are of relatively minor importance. If u is 
negative (east wind) the positive transport 
of momentum is naturally in a direction 
opposite to the arrows. All values in Figure 2 
are given in units of 1025 g cm? sec ?. The 
encircled figures in the different blocks rep- 
resent the difference between inflow and 
outflow of angular momentum; thus, they 
represent the generation or loss of angular 
momentum in each block as a result of the 
meridional circulation. 

The following conclusions can be drawn 
from Figure 2: 

1) The total deficit of angular momentum 


in the whole lower layer, represented by the 
sum of the encircled negative numbers is 
81x 10% g cm? sec~?, while the total surplus 
in the upper layer is 75 X 102° g cm? sec”?. The 
difference, 6 X 102° g cm? sec”?, represents the 
net flux of angular momentum due to merid- 
ional drift of air at latitude 30° N. The same 
result can be obtained by subtracting the 
slanting figures in the upper and lower layers 
at latitude 30° N. 

2) The angular momentum transferred 
from the earth to the atmosphere in the belt 
30°—0° N, due to the wind stress in the easter- 
lies, is, according to PRIESTLEY (1951) and 
WIDGER (1949), much greater than the net 
northward flux of momentum of 6x10” g 
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Fig. 3. Budget of angular momentum in the belt 
30—20°N computed by use of model (a) and consid- 
ering the horizontal eddy flux of angular momentum 
according to Mintz and the transfer from earth according 
to Widger. Encircled figures give the surplus or deficit 
of angular momentum if the vertical eddy flux is not 
considered. Unit: 102g cm? sec—?, 


cm? sec 2. Thus, one can conclude that the 
meridional circulation computed from our 
model (a) does not give any satisfactory angular 
momentum budget. The same can naturally 
be said about every circulation with weaker 
mass transport, e.g., our model (b). This 
negative result is in good agreement with 
conclusions recently made by STARR and 
WHITE (1952). 
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4. Total budget of angular momentum 


In order to obtain a satisfactory momentum 
budget we have to add to the data presented 
in Figure 2 the horizontal and vertical eddy 
flux of angular momentum, and also the 
transfer of angular momentum due to the 
zonal stress of the surface wind. For the hori- 
zontal eddy transfer the data recently published 
by Mintz (1951) can be used. These data, 
which were computed on the assumption 
that the geostrophic wind approximates the 
real wind in the free atmosphere, are restricted 
to the north of latitude 20° N. For the transfer 
of angular momentum from earth to atmos- 
phere, values computed by WIDGER (1949) are 
utilized. These values are based on a constant 
ratio between the geostrophic wind, as deter- 
mined from the surface isobars, and the actual 
wind. As shown by C. L. JORDAN (1952), this 
assumption is quite satisfactory southwards to 
around latitude 20° N. 


In view of the above, we shall confine our 
complete momentum budget to the zone 
30—20° N. Since the data for the geostrophic 
horizontal transfer of angular momentum 
computed by Mintz do not extend above 
100 mb, the remaining transport above this 
level has been extrapolated. By this extrapola- 
tion we assumed that the flux of angular 
momentum linearily approaches zero at the 
o-mb surface. 


In Figure 3 the total budget, with the excep- 
tion of the vertical eddy flux, is represented 
on the basis of model (a). The horizontal 
eddy fluxes and the transports from earth 
to atmosphere are here represented by broken 
arrows. In the lower layer between latitude 
30 and 20° N the deficit of angular momentum 
amounts to 11 X 10% g cm? sec~*. If our budget 
is exact, this should correspond to the excess 
of angular momentum in the upper layer and 
represent the vertical eddy flux of momentum 
downwards across the 700-mb surface. Figure 
3 shows that the excess in the upper layer is 
12 X 10°° g cm? sec?. Thus, in spite of the 
approximate nature of all data used, a very 
close balance is obtained. 

Of great interest is the fact that throughout 
the belt considered, the vertical eddy flux of 
momentum is directed downwards across the 
700-mb surface, i.e., in the direction from 
higher to lower u-momentum. This result 
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should be compared with the streamlines for 
angular momentum flux given by WIDGER 
(1949). It might be pointed out that our value 
of the vertical eddy flux of angular momentum 
is computed from continuity considerations 
and that it therefore includes everything from 
molecular viscosity to the effect of large-scale 
atmospheric disturbances. If A denotes the 
area of the latitude belt 30—20° N the vertical 
transfer of angular momentum [M]: can be 
written 


[M]: = ou'w’ Aa cosy, (4) 


or if we use a coefficient of eddy viscosity u, 


ou 


IM]: = — u >, Aa cos 9. (5) 


In Equation (4) u’, w’ denote the fluctuations in 

zonaland vertical velocity. Using the mean value 

of 11.5 X 10% g cm? sec”? for the downward 

eddy transfer of angular momentum through 

the 700-mb surface we get for the coefficient ju 

the value 120g cm™! sec? if ot 4210 “sec 
C 


This value is considerably smaller than the 
value computed by RIEHL and collaborators 
(1951) for the trade wind belt of the Eastern 
Pacific Ocean. By order of magnitude it is, 
however, in agreement with the latter and 
also with values generally accepted for the 
free atmosphere above the frictional layer. 

There are indications of a positive correla- 
tion between w and w’ in the large-scale 
eddies represented by cyclones, anticyclones, 
long waves and so on. Such a correlation 
would, according to Equation (4), result in 
upward momentum transfer. It is, however, 
easy to see that such an organized motion 
could hardly transport upwards more than 
a relatively small part of the angular mo- 
mentum transferred from the earth, which 
according to Widger, amounts to 17 xX 10% g 
Cm? secs 2. 

From this, it follows that there must be a 
lower limit of the meridional circulation deter- 
mined by the possible vertical eddy flux of 
momentum, if we assume that all other 

uantities are approximately right. This is 
pen by Figure 4 which is computed on 
the basis of model (b). The horizontal eddy 


fluxes are nearly the same as in Figure 3 in all 
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Fig. 4. Budget of angular momentum in the belt 

30—20°N computed from model (b) and considering 

the horizontal eddy fluxes and the fluxes from earth 

according to Mintz and Widger. Meaning of figures 
the same as in Fig. 3. 


blocks, now separated by the 800-mb surface, 
but the fluxes due to the meridional mass 
circulation are reduced to one half of the 
values in Figure 3. This gives a deficit of 
5.5 X 1025 g cm? sec”? in the upper layer and 
a surplus of 2.5 x 1025 g cm? sec”? in the lower 
layer, requiring an upward eddy transfer of 
momentum across the 8oo-mb surface. This 
seems to indicate that the meridional circula- 
tion necessary for a complete balance probably 
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should be stronger than according to model 
(b), but perhaps a little weaker than according 
to model (a). A decision concerning the 
strength of the meridional circulation is 
possible only if exact values of both the hori- 
zontal and vertical eddy transport of momen- 
tum, including the transfer earth atmosphere, 
could be computed. 


Figure 3 reveals another interesting fact. 
Whereas the flux of angular momentum due 
to the assumed meridional circulation results 
in convergence of momentum in the upper 
layer and divergence of momentum in the 
lower layer, the horizontal eddy transport, 
according to Widger and Mintz, has the 
opposite effect. The net gain or loss of angular 
momentum in the upper layer, especially in 
the uppermost part of the troposphere, there- 
fore depends on whether the former or 
latter transport is preponderant. 

It should be remembered that Figure 3 
represents the mean conditions for January 
assuming a complete balance between the 
different components of angular momentum 
flux. Such a balance does not necessarily prevail 
at all times. It is conceivable that all quanti- 
ties involved undergo changes with time. At 

period when the meridional circulation is 
etronger than usual, the horizontal and vertical 
addy fluxes are not vigorous enough to drain 
all the momentum surplus in the upper 
troposphere. Continuous accumulation of 
angular momentum then means strengthening 
of the upper subtropical jet. This in turn will 
increase the eddy flux of momentum and act 
to restore the balance. The opposite is true at 
periods with subnormal meridional circula- 
tion. Thus, although the quantities involved 
in our mean budget are in balance, instan- 
taneous situations may show pronounced 
deviations from this balance. This departure 
from and return to balanced conditions could 
be responsible for the fluctuations in the 
intensity of the subtropical jet stream. 

The total momentum flux from the tropics 
to higher latitudes across the parallel circle 
30° N is 621075 g cm? sec”, according to 
Figure 3. This value appears quite reasonable 
considering that Widger computed a contribu- 
tion of 17X 1025 g cm? sec”? from the earth 
in the belt 30—20°N and that the area between 
20° N and the Equator is likely to yield more 
than twice this amount. PRIESTLEY (1951) 
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recently estimated the surface torque to be at 
least 10° g cm? sec”! per annum in both 
hemispheres between the Equator and 30°. He 
pointed out, however, that the real torque 
probably is considerably greater. Presumably 
this is the case, since Priestley’s estimate 
corresponds to only about so per cent of the 
flux given in Figure 3. 

The total flux of angular momentum from 
earth to atmosphere in the belt Equator—30° N 
can also be estimated from Figure 2. The sum 
of the negative encircled figures in all blocks 
in the layer between 1010 and 700 mb is 
— 81x10%5 g cm? sec_2. If we reduce this 
value by the downward eddy flux of momen- 
tum, the remaining value must be balanced 
by the momentum transfer from the earth 
and the eddy influx across 30°N and the 
Equator. In the belt 30—20°, we estimated the 
vertical downward eddy flux at 11.5 x 10” g 
cm? sec~2. Since the vertical wind shear decreases 
equatorwards from about latitude 30—25°N, 
we can assume that the contribution of the 
vertical eddy flux in the total belt 20°—Equator 
hardly could be larger than the contribution 
between 30 and 20° N. If we thus estimate 
the total downward eddy flux through the 
700-mb surface to be about 20X 1025 g cm? 
sec"? and assume that the horizontal eddy 
flux is small in the layer in question (compare 
Fig. 3), the transfer of angular momentum 
from the earth to the atmosphere due to the 
surface wind stress in the total belt would 
amount to 61 X 10% g cm? sec”?, which is in 
agreement with the total flux of angular 
momentum across latitude 30° N which, as 
shown above, amounts to 62 X 1025 g cm? 
sec-?. If all these rather crude estimates are 
approximately valid, no great net exchange 
of angular momentum between both hemi- 
spheres is necessary, at least in January. 

It could also be of interest to compare the 
net northward flux of angular momentum 
due to the assumed meridional circulation 
with the eddy flux. From Figure 3, we get 
the following values: 

The contribution from the circulation is 
very small compared with the eddy flux at 
latitude 30° N, but increases both absolutely 
and relatively equatorwards. This result seems 
to be in qualitative agreement with results 
recently achieved by Starr and Wire 
(1952). 
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Table 3: Total northward flux of angular mo- 
mentum due to meridional circulation and large- 
scale eddies in January (unit: 102°g cm? sec ?). 


Latitude 


Circulation transport ... | 6 


Eddy transport 


RatonIper cent ...... | II | 23 


Conclusions: In spite of our doubts concern- 
ing the different empirical values used here, 
we feel that our discussion of the maintenance 
of the zonal motion in the atmosphere could 
be of interest. The data presented above show, 
in our opinion, that a total angular momentum 
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budget for the atmosphere can be derived 
following the principles outlined here. Until 
more complete observational data are avail- 
able the different terms in the momentum 
budget naturally have to be regarded as 
extremely approximate. 
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Two Years of Momentum Flux Data for 31° N 


By V. P. STARR, Massachusetts Institute of Technology 
and R. M. WHITE, U.S.A.F. Cambridge Research Center, Mass. 


(Manuscript received October 20, 1952) 


At various times during the past two years, 
the authors have had occasion to report upon 
the results of an investigation of the angular 
momentum balance of the atmosphere as 
deduced from actual wind measurements dis- 
tributed over the northern hemisphere (STARR 
and WHITE 1951, 1952a, 1952b). The meteoro- 
logical implications of the results of these 
studies have been discussed in these papers. A 
further investigation for a period of one 
additional year has now been completed for 
31° N, in order to verify the previous conclu- 
sions with independent data. A continuous 
two-year period has thus been analysed and 
represents a concluded phase of the investiga- 
tion for this latitude. 

For the second year, computations were 
made at the standard pressure levels. In com- 
bining the data for the first year with those 
of the second the 2, 6, 10, 20, 30, 40, and 55 
thousand foot levels are identified with the 
1000, 850, 700, 500, 300, 200, and 100 mb 
pressure levels respectively. For purposes of 
record Table I presents the final array of re- 
sults, while Table II presents a frequency dis- 
tribution of all available observations for the 
two year period. The form of these tables is 
identical with that of the corresponding ones 
given by STARR and WHITE (1952a, 1952b), to 
which papers the reader is referred for details 
of notation. 


It is worthy of note that the vertical average 


of [v] with respect to pressure between 1000 
and 100 mb is only —1.31 cm sec. 


Table I. Percentage of total possible observations 
at each level for each station. 


Pressure levels in mb. 
Stations 

1000 |850|700|500|300|200/100 
Orendi re ces oe 20. | 57| 58| 52) 521.381 278 
BaARTeIN MER „re 22 | 63] 62| 61| 57| 47| 22 
Eiyderabad ee ce 50 o| 94| 78] 34| ol o 
Debrugarh: ee oe 80 o| 87] 46] 17} of o 
TOKYOlaon oes cee 91 | 92] 97} 95] 85] 58] 24 
Midway: ere 81 | 79} 74| 66] 53] 42] 21 
FOOT EEE 93 | 88} 80} 73| 60} 46| 26 
Weather Ship (a) ..| 77 | 84] 85| 82] 71] 59| 22 
Santa MAT sure 99 | 99} 99| 97| 87| 74| 38 
BieeSpringee er 4 | 99| 99| 94| 76| 58| 21 
New Orleans sr: 99 | 98| 96} 89} 70} 48| 11 
Mia ee ee eres 100 |100} 99! 93] 90} 78] 30 
Kindley Field ..... 87 | 87| 83| 68] 36| 13] “1 
Weather Ship (b) ..| 85 | 79] 81] 74| 55| 40] 15 
Ta genS cn ae 83 | 88} 87| So| 65| 41] 9 
INOfEHAEFONTE ene 69 | 711 68| 6] TL IN23 17 
EAP Re tee 25 | 541 521 53| 49] 43] 29 
Hone IR ONDES RE 55 | 45| 40| 34] 23| 18| 11 


Farouk ee once | 32 | 58) 32] 55] 38] = 2 
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Table II. Numerical analysis for the period Feb. 1949 to Jan. 1951 inc. The levels 
are given in mb. All velocities are in m sec.—. 


Internal consistency of figures given is limited by rounding-off approximations. 


8 


EX 


Le) fl (y er] [wv] 


100 |+ 8.8 0.05 +0.:39|—2 +6] +14 + s| ON 27 E16 Er 
200 |7 17.0 | —0.27 20.39|—-5 +9] +40 +12 | — o2 5.45 BE 
300 |+14.5 0052.06 PAR sae) sey) I 35 +5 
500 8.7 0.03 0.14 Oy se ART AE OH EI, | ey Aneto 
700 |+ 3.8 0.01 +0.10 OS Tse 55s] 2 fo) o | + 5 +1 
850 |+ 1.2] +o.23 Ho.12| + r ol + 4 + 1 OEM 3 ET 
1000 0.7 0.28 +o.09| + 1 +0 4+ 1 fe} © == 4 dba 
Integral (107 CGS units) + 14.5 me OO Er 
| 9 | 10 | Tear | 12 | 13 | 14 | 15 
Level n | {wu} | {v} | {uv} | {uv} — {u} {v} r N 
100 564 | + 7.8 | + 0.06 | + 15 + 14 | DE 0.110 02773 
200 727 + 15.9 ON Sa) + 44 + 0.19 5351 
300 730 04-0 — ro oS Se A ap De) 7793 
500 739 + 8.6 == CHOIR || as an Se LS RO Lt 9912 
700 730 33:0 == 902 Sr ae + 0.10 |10941 
850 730 Se 2 + 0.14 | + 4 + 4 + 0.09 | 9806 
1000 730 — 107 — 0.30 | + 4 + 5083 9043 
Integral (107 CGS units) + 14.7 + 14.8 Sum 54969 
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Energy Conversions in the Atmosphere on the Scale of 
the General Circulation 


By JACQUES VAN MIEGHEM, University of Brussels! 


(Manuscript received roth June 1952) 


Abstract 


From the equations of balance established for the different forms of energy (potential, kinetic 
and internal energies), the energy fluxes, the rates of energy production and conversion are 
deduced. Provided weighted mean values are considered the zonally averaged value of the 
kinetic energy may be decomposed into kinetic energy of the mean motion and the mean 
kinetic energy of the large-scale eddies. The corresponding equations of balance are established. 
The axial symmetry with respect to the earth’s axis allows the introduction of the kinetic 
energy of the zonal motion and of the motion in the meridional planes. Their equations of 
balance are given. The conversions between the different species of mechanical energies are 
envisaged and the influence of the inertial stability on the conversion of ‘“meridional” eddy- 
kinetic energy into “zonal’’ eddy-kinetic energy is pointed out. The definition of the large- 
scale eddy diffusion of heat is deduced from the first law of thermodynamics. This definition 
contains the flux of “sensible heat”? and of “latent heat’’ as an approximation. Neglecting viscos- 
ity and small-scale turbulence, the general formulas are applied to the large atmospheric 
disturbances. A tentative formulation of the second law of thermodynamics is given. 


I. Introduction 


For the investigation of the different possible energy conversions in the atmosphere, 
on the scale of the general circulation, it is necessary to introduce a state of mean motion 
such that the averaged quantities vary slowly from one point (xt, x?, x3) to another and 
from one instant (f) to another. This condition is fulfilled when the averages are taken 
for a one-, two- or three-dimensional domain of space, or for a time interval, or for a 


space-time domain, which is large with respect to the volume and the local lifetime of | 


the perturbations (large-scale eddies) imbedded in the mean flow. 

In this article only mean values along latitude circles will be considered. Let x (ctl 
be the zonal mean value of the function X (xt, x?, x8, f) where x! designates the longitude A. 
The corresponding weighted mean value X is defined by @ X = 0X, op being the specific 


mass of the air. The fluctuations X’ and X” of X with respect to the mean values X 


and X are given by X=X + X = X+X”, with the conditions X’=o, 0X” =o, 
X” = X” + X’ and — 0X” = 9’X” = 0'X’ = 0X’ = o'X, (VAN MIEGHEM, 1949). 


1 At present at the Institute of Meteorology of the University of Stockholm. 
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Following a general method outlined elsewhere (Van MIEGHEM, 1949) we establish succes- 
sively the equations of balance of the kinetic, potential and internal energies of the zonally 
averaged motion and of the mean kinetic energy of the large-scale eddies. In the atmosphere 
of a rotating planet, the concepts of “zonal” and ‘meridional’ kinetic energies are in- 
troduced and the equations of balance for these energies are also given. From the divergence 
form of the first member of an equation of balance, the flux of the envisaged property 
is deduced. The second member of the equation of balance defines the rate of production 
of that property. The rate of production of any of the above mentioned energy forms 
may be expressed as a sum of terms such that each of them appears also in the rate of 
production of only one other energy form, but with the opposite sign. Such a term may 
then be interpreted as a rate of conversion between the two energy forms (energy trans- 
formation function of J. E. Mutter, 1950). 

Finally, evidence is given of the influence of the inertial stability on the conversion 
between the “zonal” and the “meridional” kinetic energy of the large-scale eddies. 


2. Equations for non-averaged properties 


The system of coordinates which is most appropriate for the study of the general circula- 
tion is one of non-local coordinates, symmetric with respect to the earth’s axis. Let x! be 
the azimuthal coordinate (the longitude A) and (x?, x®) arbitrary coordinates in the meridional 


plane, yi = yj; the coefficients of the metric form in the variables x’ (i, j — 1, 2, 3), 
; 


; eh 
y the algebraic minor of y;; divided by the determinant y = ||y;;||, vi = S and vi = y;; vi 


respectively the contravariant and components of the air velocity v with respect to the 
earth, © the angular speed of the earth, © the geopotential, T”, T;, Tj respectively the 
contravariant, covariant and mixed components of the internal stresses We know that 
Ty =—pyvii + Pj + Ri, where p is the pressure, P; =P; the Stokes (1842) — Navier 
(1822) viscosity stresses and R;;= Rj the Reynolds stresses (1895) due to smali-scale turbulence. 

It should be noted that the coefficients y,, and y,4 are identically equal to zero, and 
that the four other y’s (namely: Yı1, Yo», Vos Y33) and the geopotential © are independent 
of time t and longitude x1 = 1 

The coefficient y,, represents the square of the distance to the earth’s axis; the coeffi- 
cients y» and yz, define the linear elements V2 6x? and Vy3, 6x3 of the coordinate lines 
x3 = constant and x? = constant in the meridional planes and y,, the angle « between 


these lines (Yygg Yes COS & = 723). 

In spherical coordinates: x1=A, x? =, x=r, so that we have y, = 7? cos? 9, 
Yoo =, Y33=1, Yj =O when i + j, and y =r‘ cos* gp. The usual zonal, meridional and 
vertical components (u, v, w) of the air velocity v are: 


372 ’ 
rcos@’ Ot 


Br COS PV ST COS PT 


The coordinate components of the tensor T in the usual zonal, meridional and vertical 
axis x, y, z in an arbitrary point are: 


Te > pue 3 
eh IR T} = Fa Ti = 1 T'= T= cos y ie T=T,=r T=, 
mp 
RU = LV ER Ur, 4 
T,=T;=rcs ner 


13— 204486 
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In axially symmetric coordinates (xt, x?, x8) the equations of motion assume the form: 


Ck mu D da Liles (x) 
Ronee : j IO 
Q i ae Yap,6 @ V*VP Fr. at Cor) ON Toro 0x0” 2) 


(er, PO) 


where the point before the suffix i indicates the covariant derivation with respect to x’ and 


Boy 
One 


dao 0 
where oe qa ss — and yi,« = 


xi 


In spherical coordinates we have 


I = 2.01% ı A(cos?@ Tx) LI (ST) 
rouse. > NX > — cos dy ra RO TRE 
el, Ir 9 (csoT,) tai ty) xtgp 
re 00, COS D dy Dies RENE Ts foe 
i Al Te COS le) iR 
Teen dy ae dz cr nr 
I er AN SC re) d 
where 


Deas r cos p Ad’ Di r Oy’ dz dr 


In order to make a clear distinction between “zonal” and “meridional” quantities, two 
sets: ofindices, are _used..systematically: 1, j, k,..-.. = 1, 2,3 adm Bo... 
the last set designating only coordinates and Re in the meridional planes. 

After multiplication of (1) by v!, of (2) by v’, summation with respect to 6 (= 2, 3) 
and substitution of the equation of continuity 


COTE, (Vy ov) Jo 
D > + @vV)i=0, (3) 
one obtains the equations of the “zonal” (i: = - Vi wi) and ‘meridional’ (=! Vx w) 
kinetic energies 
d(ok:) I . I ; Ovi 
Die m es [Vy (ek: M — Ti v})| FE Vins a (2@ San mn NA Ad = hy a (4) 
) I(o ky) I ; 
| 268s 20 evi = 
(s) 


Ya, % (20 + vet zul "7 Vs Ie nm. 


BI 
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and by addition of (4) and (5), the equation of balance of the total kinetic energy 


k= ket ky == wv, 


2 (ok) ied 
dt Vy axi 


[Vy (okvi— Ti vi)] = —Tiv;—gow. (6) 


Further, the equation of balance for the potential energy may be written 


908) ı 9 00 
2) 12. Vino) me 2 vero o 


where © is the geopotential (or the potential energy per unit of mass), g the acceleration 
of gravity and w the vertical cartesian component of the air velocity v. 

Finally, multiplying (1) by vs and (2) by v, adding and substituting (3), the equation 
of the tensor component @ v, vs is easily obtained: 


at (@v1 ve) + [e Are Ti ve — To vil. dim (Yan, a @V* Vo — Y11,8 @ V1 Vy) — 
i i 00 
— (Ti vs; + Tévi) —@ 55 Ve (8) 


In the same way, an equation for the tensor component 0 v4 vs may be established. 


3. Equations for the averaged properties 


The averaged motion being defined by the zonal mean values 9 and @ v' of the specific 
mass o and of the contravariant components of the relative linear momentum ev, is in- 
dependent of longitude A or x1. In order to take full advantage of this circumstance, we 
shall consider all the possible transformations of coordinates in the meridional plane only, 
thus keeping the longitude À as independent variable. Then it is obvious that v1, vy, yy, 
PT, l'an T; are invariants, v®, Ti, y" and T* contravariant, and vz, Ta, yes 
and T,s covariant quantities with respect to any change of variables x? and x3. Hence, both 
= vvt and kum = 5 V2 V* are independent of longitude and invariant with respect 
to any change of meridional variables; this justifies the introduction of the “zonal” and 
“meridional” energies of the mean motion. 

Every equation in connection with the zonally averaged motion will be written in such 
a way that all terms have a variance with respect to the transformations of the meridional 
coordinates only. 

From the averaged equation (7), we deduce the components C*(@) of the meridional 
flux and the rate of production o(@) of the potential energy @ of the mean motion: 


ke n= 


D 


C*(Q) = Dov? = O(ov + ev) and,o(@)=gow = g(ow + ow. (9) 


In most cases, the correlation between o’ and w’ is negative, and the correlation between 
o’ and v’ is negative in the troposphere, but positive in the stratosphere. Consequently, the 
flux 0" v' is generally directed toward the earth, both in the stratosphere and in the 
troposphere, toward the pole in the stratosphere, and toward the equator in the troposphere. 
The second term g 0’ w’ of o(@) is generally negative so that it represents a destruction 
of potential energy of the mean motion. From the first term of o(@), it follows that 
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production of potential energy of the mean motion occurs in the ascending branch (w > 0), 
and destruction of potential energy in the descending branch (w<o) of the mean merid- 
onal circulation (v, w). 

Using the equations of the zonally averaged motion [instead of (1) and (2)] and the 


equation of continuity of the mean motion 


js ee 
a Wy Ax 


(Vyo%) = 0, (10) 


4 5 APTE arate 
instead of (3), equations of balance for the “zonal” (ke =, ss) and ‘“meridional”? 


LS N : oe 
CEE Va se) kinetic energies of the mean motion, similar to (4) and (5), are obtained: 


nl ae I 2] ne AG TTL an Ey ay pe es 
7 Gen) +72 55 V7 6 him — Tit +ov'v*$] — (11) 
I A dns Ne ra ov TETE ov 
ies Vase (Vt + 20) QVIV*—T; Dr + NEN Axe? 
and 
DE To? OUR ER ras 
À Moines [V7 (@ kum 9° — Te? + pv; v*%] = (12) 
=> View | 0) ot 1 ow oy | — bev oe v/v p—g ow, 


where — @ v/ v”srepresent the Jeffreys-stresses (1926) due to the large-scale eddies. 


Averaging equations (4) and (5) along the latitude circles and subtracting from them 
the equations (11) and (12), one obtains the equations of balance of the “zonal” 


Lae ” ee Lees ” 5 3 : 
(e= oe vi) and “meridional” (ku => v"* vs) kinetic energies of the large-scale 


eddying motion: 


d —— I — In Pr 
er (o ke.) = a Fxa [Vy (o kee Ÿ + @kee v )] = 
=F yy e{k (0 + 9) VA + vw] a) 
de Br 2 
on, => ot RE, 
and 
7) 17 — = ———— 
Ji (0 Rue) ae dE Se Vy (o Rue V* + 0 kue V )] = (14) 
I m Enten. 
= 5 ne [2 (0 + 9) viv’ + ovrvrve] over H+ TI ver. 
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Finally, addition of (11) and (12), and of (13) and (14), leads to the equations of 
balance of the kinetic energy (in = kim + kum = 


I A A: . 
car vi] of the mean motion and of the 


kinetic energy (x =ks, + kue =" v; vi) of the large-scale eddying motion: 


ape TD re, à ear, a; ai on; se 
= (0 ku) Del (0 km v — Ti vi + oviv’*¥] =— Tv; + ov" Vi Vi— ga, (15) 
dt Vy ax 
and 
d I Per 
ot (ok) + Vy Da [Vy (ok.¢ v* + ok, Rz) = = Tv" NA ON ay vi. (16) 


(a 3:98, f= 12) 


All these equations assume the form of a balance: 


2 Go +2 2 Wr ow) =o, 


I 
Vy 2 a 
where the meridional flux C* (k) and the rate of production o(k) of the different energy 


forms k appear in the divergence term and in the second member of equations (11) to 
(16) respectively. These equations may be given the following interpretation. 


The kinetic energies @ kim, @ Rum and ok, in a fixed unit of volume may change in 
consequence of: 


a) transport of air across the boundary: @ kim v*, 0 kim V* and @ ky V%; 

b) performance of boundary work by the internal stresses: — (PRS) up ve 
— (P5 + Rÿ) v and po* — (Pi + Ri) + 

c) large-scale eddy flux of momentum Be) the boundary: 


ev, VE VE, ov, v" = 98, ov/v”“vi, (VAN MIEGHEM, 1949 a); 


d) production within the volume at the rate: 


av 
lon) = 5 rine (20 + ) Er — (P +R) I 
———_ dv} 
an a. 
| © (bun) =— >yr a 20+ 92)0 910% — (Ph 4 RE) Hy —© yuna (PU + RU) + (17) 
+ 5 div ¥ + Qv’?PV, 9% + —,0 OV VI — go, 
+ pdivy + ov”v/ vi. re 
A D fore PON ee at VI? 0 
where DS page UNIES “tgp t2~. 
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The mode of redistribution of kinetic energy due to the boundary work of the Stokes- 
Navier and Reynolds mean stresses (P; + Rj) may be disregarded outside the boundary layer. 

The production of kinetic energy kem of the zonal mean motion results from the meri- 
dional eddy flux gv v’% of relative angular momentum ov, and the meridional shears 
— of the mean zonal wind (Kuo, 1951). The kinetic energy of the meridional mean 
motion is produced by: 

a) the meridional eddy flux ov/v’? of relative meridional mean momentum gv. and 
the shears of the mean wind in the meridional planes; 

b) the expansion (div ¥ > o) of the air (STARR, 1948); 

c) the destruction of potential energy, (go w < 0). 

It should be noted that the destruction (production) of a certain amount of potential 


energy of the mean motion entails ipso facto the production (destruction) of an equal amount 
of kinetic energy. For instance, as a consequence of the negative correlation between the 


fluctuations of density and vertical velocity, the term —go’w” represents a rate of effec- 
tive production of kinetic energy of the mean motion. 

ov 
2X 


(BEER), = Vins (P + RU) $* and (P; + Rj) 7 1 consists of a dissipation. It is well 


The action of the viscous and turbulent frictional stresses represented by (Pz-+ Ri) 


known that the Rayleigh (1873) dissipation function D! vi; is a positive quadratic form o 


the wind shears and that the same is generally true for the dissipation function R} v7; for 
small-scale turbulence. 


. I aA — A A . . - 
Finally the term are (2 © + v!) ov!v* represents the rate of conversion of kinetic 


energy of the zonal mean motion into kinetic energy of the meridional mean motion. 
This term drops out in the expression of the rate of production of the kinetic energy 
kin = kem + Rum of the mean motion. 


The kinetic energies o kee, @ ke and ok. in a fixed unit of volume may change in conse- 
quence of: 


a) meridional transport of air across the boundary: 0 ks. Ÿ”, @ ku. v* and ok 
b) large-scale meridional eddy diffusion across the boundary: o ks. v’*, 
0 k. v''#; 


c) production within the volume at the rate: 


x. 
> 


ku. * and 


eV 
Q 


a tf nm = 7 = = = ov 
a (be) = — 2 ya «La (+09) WV + ov WAV] qu 2 
x 
I “Aa Hr i 1 
= ab Ni ley Waa is TES > 
FR I = „ , 7 / ’ A 
À (ku) = > ina [2 (0 + 1) ov v + pv vive mi Ne Las (18) 
yee 
a 
o(k) = —ov”" va 


AT ya 
ji 


——_—_———— 
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The terms Ti.,v7, Ti.,v’* and Tt, v'i represent the mean values of the work, per 


unit volume and time, performed by the pressure forces and by the viscous and turbulent 
frictional forces along the large-scale eddying motion parallel to the latitude circles, in 
meridional planes and in the three dimensional space respectively. The energy per unit 


volume and time expressed by T!,,v”/ may be interpreted as an instability energy (VAN 
MIEGHEM, 1949 b). According to the sign of the instability energy, the large-scale eddying 
motion is stable or unstable. When Ti ,v’J > 0, the large-scale eddies do work: the large- 


scale eddying motion is unstable and T!,,v”/ represents, per unit volume and time, the 


instability energy released by the large-scale eddies. On the other hand, when I VE 0, 


the large-scale eddies have work done on them at the expense of the energy of the sur- 
roundings and therefore the large-scale eddying motion is stable in that case. It should be 


A 


noted that the inequality o (k) > 0 expresses a necessary condition for the maintenance of 
the large-scale eddying motion (generalization of the Richardson criterion). 


= I ER 7 72 ZZ 
Finally, the term = y11,= [2(@ + $1) ev4v’* + ov”tv”tv”®] represents the rate of con- 
2 


version of kinetic energy kz. of the zonal eddying motion into kinetic energy k of the meri- 
dional eddying motion. This term drops out in the expression of the rate of production of the 


eddy kinetic energy k, = kee + Rue. 


4. Conversions involving mechanical energies only 


In the formulas (17) and (18) of the rates of production, certain terms appear twice 
with opposite signs. As already mentioned in the introduction such a term may be considered 
as a rate of energy conversion. In spherical coordinates, these terms assume the form: 


wo n spas UN. ee 
T,=—° Ya, (20 + V1) Vlov* = (20 sin @ + - tg v) nov — (20 cos ® + “) no 
2 


I a 72 2 7 , 2 
102 =, Van, a [2 (» + #) ov ty EON, 1y1v°| = 


PATA? A ae 


(ou u v’ sin p~—ou'u w” cos p), 


= 2 | © + z (ou” vy’ sin p—ou w" cos) + 
r COS P r COS P 


ee ae CD Spe Leen LE A D 
DEN per (5+ 7) +ev w en w (& A yk 


Ben. CY v (+, gp) + en w (—). 


a / 72 TL td, v w 
Ku Yan. FOV TV += own (—? wot). 
Hence, 

o(9) = gow+ gow", 
A | 
Y Ÿ 

ME) on COM DOVE EC LEE TS Tate (19) 

À [A A 


o(k) = he dal es 
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and 
[ © (Rem) = 1}, ae Xe + > 
A 
! | 
(km) =—Im-t Ane an Leu DO ENS 
| 1 ii (20) 
a Y Y 
OUR = Po Ku fa Et 
1 % 
o (Rue) re di”. A 


where the dots indicate terms which, as we shall see in section 6, correspond to conversions 
between kinetic energy and internal energy as well as kinetic energy of microturbulence. 


The arrows in (19) and (20) indicate all the possible conversions between the mechanical 
energies. As a rule, in low and middle latitudes: ou’v” > o and ou”w"<o. Consequently 
I. > 0, so that I’, expresses always a conversion of k.-energy into k:-energy, the terms 
ou’ uv” and ou’u”’w” being presumably of less importance. Kuo (1951) has shown that 
the two terms of x, have opposite signs, the first being positive and of the right order 
of magnitude to account for the frictional dissipation of kinetic energy at the earth’s sur- 
face. The rate of conversion y. between the ke, and the R „energy is very small because 
it depends only on the normal and geodesic curvatures of the parallel circles and may 
therefore be neglected (7,,Æo). Finally, there is no conversion possible between the k 
and the k,. energy. 


Em 


5. Influence of the inertial stability on the conversion of ‘‘meridional” eddy- 
kinetic energy into ‘‘zonal’? eddy-kinetic energy 


Averaging the equation (8) along the latitude circles and subtracting from this averaged 
equation the corresponding equation for the mean motion, one finds, after some calculations, 


0 — VW) ——> 
a Le Yi — ms, a! 72 vB 
5, (0 A vi) = 14,68 + Aub) CV VF +... 4 (21) 
(B, 6 = 2, 3) 
where the dots designate terms which do not contain the Jeffreys stresses — o vi v'#. 


ERBE ; 
The local change —— of the rate of conversion I, (> 0) of “meridional” kinetic energy 


Ot 
into “zonal” kinetic energy of the large-scale eddying motion has the following expression: 
or e : at BRITEN 
dt = tue Ce) a bee ) DATEN : (22) 


Multiplication of (21) by y!! y* and subsequent substitution in (22), give 


oP; IN ee 
a Vane yıl (o Yue + st) (o + V1) ov vt ........ { (23) 
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or, in spherical coordinates, 


He qu a 
CF | p a gy er Ov Vv = 


—| (@ sin ur 2@ cos PARLES i 
er. a Bug, + @ COS P + ~ 2m sing— (23a) 


où oa —— it 04  4\ —— 
=, =] ev" wr" + (w cosy +") (20 00s p+ jet; jew h + en 
or, in vector form, 


ads 
dt 


where Q represents the absolute angular speed about the earth’s axis and U the absolute 
linear velocity along the latitude circles. 


= 20(v” XQ), - (v’ xX curl U), + ..., (23 b) 


In the atmosphere, (v” x Q), and (v’ x curl U), have the sign of (o sin g + 3 tg +) v” 
r 
É où à iM 
and {26 sin g — 2, += tgp) y respectively. 


When the large-scale eddying motion is inertially stable, z 2 © sing + 2 tg 9, 
r 


or (v’x Q).- (v” X curl U). > 0, (VAN MIEGHEM, 1951); consequently the inertial stability 
contributes to the local increase with time of the rate of conversion 1. On the other 
hand, the inertial instability contributes to the local decrease with time of the rate of 
conversion J’, of “meridional” into ‘‘zonal” eddy kinetic energy. 


6. The first law 


The first law of thermodynamics expresses the conservation of the total energy of the 
system envisaged. In the case considered here, the total energy u, per unit of mass, is equal 
to the sum of the potential energy @, the kinetic energy k, the kinetic energy x of micro- 
turbulence and the internal energy e per unit of mass (4=@+k+x+e). 

The equation of balance of the kinetic energy x of microturbulence assumes the form 


(Van MIEGHEM, 1949 b): 
IL Fr ’ | rae 
en er oo ae (24) 
(i, j = 1, 2, 3) 


where Ki designates the flux due to small-scale turbulent diffusion, A the instability energy 
released per unit mass and time along the small-scale eddying motion, and R; v'; the amount 
of kinetic energy available per unit of volume for conversion into kinetic energy of small- 
scale turbulence. It is generally accepted that Rj v';> 0. When the small-scale eddying 
motion is stable, A <o and A represents the amount of kinetic energy of small-scale 
turbulence converted per unit mass into heat; when A > 0, the small-scale eddying motion 
is unstable and /\ represents the amount of heat converted per unit mass and time into 
kinetic energy of small scale turbulence. The Richardson number fh? of the small-scale turbulence 
may be defined as h? = @|A|: (Rj vi) (VAN Mrecuem 1949 b, 1950 a). The inequality in (24) 
expresses the necessary condition for the maintenance of small-scale turbulence (h? < 1). 


— (ex) + 
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In virtue of (6), (7) and (24), the flux C' (u) of the total energy u is given by 
C' (u) = ouvi— Twi + Rew 


where Wi represents the flux of heat due to radiation, conduction and convection (the effect 
of conduction is negligible in the atmosphere), hence the balance 


Pou) 1 2(Vy cm) 
dt Vy Ji 


— 0, (25) 


the rate of production of the total energy being equal to zero as a result of the conservation | 
of the total energy, (o(u) = 0, VAN MIEGHEM, 1949). | 

Averaging equation (25) along latitude circles and subtracting the equations (15), (16) 
and the averaged equations (7) and (24), one obtains the equation of balance of the averaged 
internal energy 


En aa 
dt Vy 2x* 


[v7 (oe sO Nee a Ww) | = (26) 


Zar che Dp = > AE 
= 1 pin + Bol (52 vi + pi vi), 


where h designates the specific enthalpy (oh = pe + p). 

It should be noted that the averaged equation of balance (24) may be written 
2(0x) , 1 2 

I 

dt Vy ax 

The zonally averaged internal energy pe = @@ in a fixed unit of volume changes in 
consequence of: 

a) transport of air across the boundary: 0 év*; 

b) large-scale eddy-diffusion of heat: Wo = ohv’* — P* v'i; 

c) heat flux We (radiation + convection); 

d) production within the volume at the rate: 


: [vv (a + oxv* + K°—B v7) | = CA +R Wi—Ri v4. (27) 


o (e) 


Il 


—ÿ div + Bl, (—52 + Pi.) vi—oN. (28) 


Finally, grouping in one table the rates of energy production o(@), o (km), o(k.), or) 
and o(e), the possible conversions between the five considered energy forms appear im- 
mediately: 


o(B)= gow, 
0 (km) =—g0w+p div ¢—P} 7! ;—Ri 9; + ON Avia ts 

A en . 0 . ve 
ek) = eave, +(— 2 pv + EW 

( ) OV: Vv rl a) REY ir ER 
o(x) = RW + @ RN 

N EUER EI = à 
o(e) = —p div V+ Pj Vv"; au) enr |e 
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The corresponding energy fluxes in the meridional planes assume the form: 


C*(©) = O ov", | 
CEE RT) ov (Pi + Ri —eviv"*) Hi, 

C*(k,) ke ov* tokv”, (30) 
C*(%) = oe ON OAV Sama Roy eK on 

Gele, e ov +ohv*— Ps vi+W*, 


(2 3 02,3) 


where RT — p:0, R being the specific ideal gas constant for air and T the absolute 
temperature. 


7. Large-scale eddy-diffusion of heat 


In section 6, we have established that the large-scale eddy-diffusion is responsible for 
the heat flux 


Wo =ohv* — Du (31) 
CPE re) 


in the meridional planes. The last term in (31) due to the viscosity may be neglected, consequently 


Wee One = oh“, (31 a) 
where (VAN MIEGHEM and Durovr 1948) 
h= Ta ha ST, hy Tu he (32) 


ha, hy, hw, being the specific enthalpies of dry air, water vapour and liquid water respectively 
and Ta Ty, Tw the corresponding mass-proportions. It is easily seen that 


ME 


(33) 


Ty = Ev ’ 
I—éy 


where €, = is the specific humidity and e= ty + ty = 1 — 74. Finally substituting 


(33) and the classical formula Ly = hy —h, for the heat of vaporization of water into (32), 
one obtains for the fluctuation h” of h the following expression: 


h’ = (1—e) ha teh, + (1 — €) (==) > (34) 


Tex 


account being taken of the fact that the fluctuation &” of & is practically equal to zero 
(e” = 0). | 

In the atmosphere, one may, with a very good approximation, neglect ¢ and e, with 
respect to I and assume the constancy of the specific heats Cpa Cpy and ¢,; hence, the 
approximate relation 


Rz (&, 2), (34 a) 


where T” designates the fluctuation of the absolute temperature T' with respect to its 
weighted zonal mean value T= @T: @, and where ©, = Cpa + &Cw = Ca. Moreover for 


the fluctuations ef and LY of ey.and Ly with respect to the weighted zonal mean values 
&, and l'y, it is easy to verify the inequality? (L,: Ly) <.ey: &,, so that one obtains the 
approximate formula (PRIESTLEY 1948) 


REA Wg en a | (34 b) 
in which L, is considered as being a constant. 


Finally, substitution of (34 b) in (31 a) gives the expression of the heat flux due to 
the correlation between the fluctuations h” and v”* of the enthalpy h and the meridional 
components (v?, v?) of the air velocity v, namely : 
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| 
| 
| 


Way On N=, Oe Lae ve, (31 b) | 
(a2, 3) | 


where, according to PRIESTLEY (1948), the first term represents the flux of “sensible” heat 
and the second, the flux of “latent” heat. 


8. Application to the large disturbances 


Neglecting viscosity and small-scale turbulence, the expressions (29) and (30) for the rates 
of energy production and for the energy fluxes assume simplified forms. Thus for the rates: 


o(D)= gow | 
6 (kn) = —gow + 4 +p divŸ, | 
(ke) = aa MAIS 4 | 
o(¢) = —pdiv¥+Vp-v’, | 


ni (5 = : tg v) + gu” w" at (36) 
and for the fluxes: 
C*(O) = Dov", 
C* (kn) = (km+ RT) OV" + oviv' Fi, 
ck) = hove +okve, 
C*(@) = € ov + ohv’* + W* 


* This inequality is not necessarily satisfied in the case of small-scale turbulence. 
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Hence, for each of the above mentioned energy forms, the equation of balance for an 
axially symmetric volume may be written: : 


x fl ech cospCn(f)öst+ [Ir cospo(f) da, (37) 


(«) 


where « is the meridional section of the volume envisaged and s the closed curve limiting 
the area «, and N the external normal to s. 

Applying the balance (37) to the kinetic energy of the zonally averaged motion, the 
friction at the earth’s surface should not be overlooked when a portion of s coincides with 
the mean meridional profile of the earth’s surface. 


It should be noted that 1) ky, = = (a)? and 2) k,, may be neglected with respect to RT 
(STARR 1949). 


For the very large atmospheric disturbances, the following assumptions are justified: 


dp 


| a) hydrostatic equilibrium along the vertical z: 72 + go 0; 


b) div ¥ = — = —-, (CHARNEY 1948, VAN MIEGHEM 1950 b); 


aoe I 
c) quasi-homogeneity: G aa Vapo OV" VW — > Y,2.(20 + V1) O° ) 3 (38) 


A 


Pe VOR, ’ 
where a, + ¥ 5x2? may be neglected,—(a, B,0 = 2, 3); 
op 
dx! 


d) the terms 0’ [o v' er and v'i may be deleted. 


20 _&w10p 1 Jo 
CRE EN ET" 


As a consequence of the assumptions (38) a and b and of the identity 5 


where © is the weighted zonally averaged value of the potential temperature 6, one obtains 
pave | 21%, ow =~ gow, (39) 
Cp Cp 


the first of the terms in brackets being one order of magnitude less than the other. On 
the other hand substitution of the equations of the zonally averaged meridional motion, namely 


Pavan = ay ae ob A Ip ov'iv' ne 
58 gst! malin HB — Ga À 
in 
mee. © ep _ 7 apy 
Ox! ax! ax? 
leads to 
SS DIE 7) ET 2 „ 
er Ws) 


he 


in virtue of (38) c and d and of —ov'* = 0'v* = 0"v 
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After substitution of (36), (39) and (40) in (35), one obtains the approximate expressions | 
of the rates of energy production, namely: | 


o(@ = gow” 0 - 
v 
m. où u C € ET sr FIT, Ar 
6 (km) = ou”v (+7) — Re OU OHR 7 Bun 
x A | * | 
{ Y 2 (41) | 
£ ; pen (OU 7 I | 
o(k.) 2 — go’ w” — ou”v (+ v) — eu w" a 
Y 
A c c ’ 72 ey RTE 
Jar fre OE le: 


where, as a rule, 0’ w’ = 9’ w” <o. 


a a 


: ; : (ou u 
As already pointed out in section 4, the rate of conversion ou” v” = += te of k, 
Drag: 7 ee à 
into k, =- (4)? is more important than the rate of conversion o uw” — of k, into k,, 
2 


Oz 


the difference being presumably of about one order of magnitude. 


As a result of the negative correlation between the fluctuations of specific mass o and 
vertical velocity w, internal energy e is converted into kinetic energy k, of the zonally 


. . . CH Cy . 
averaged motion and simultaneously, at a rate at least three times (2! = 03) higher 
Cp 
than the rate of conversion of e into k,,, potential energy © is converted into kinetic energy 
k. of the large-scale disturbances. FJORTOFT (1951) has recently stressed the importance of 


he conversion of potential energy into kinetic energy for the maintenance of the disturb- 
ances. 


In the ascending branch (w > 0) of the mean meridional circulation (v, w), internal 
energy is transformed into kinetic energy of the mean motion, and kinetic energy of 
the mean motion into potential energy. In the descending branch (w < 0), however, the 
reversed conversions take place. As a consequence of these energy conversions “potential + 
internal” energy is transformed into kinetic energy of the mean motion, or vice versa, 
depending upon the sign of w. For these energy conversions, we may write 


2 = 
o (km) =— 0 (O 4 è) = & = "ow>o 

P | 

when # < 0, and o (km) <o, when # > o. | 


For the energy conversions due to the large-seale eddy motion only, we have 


o (k) =o (km +R) =—0(B+2)>0. | 


This inequality indicates a permanent conversion of “potential + internal” energy into | 
kinetic energy of the air flow. The necessary brake in the steady increase of kinetic energy 
in the atmosphere is provided by the friction at the earth’s surface. 
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Combining the results (20) and (41), we finally obtain: 


o(0)= go w”, 
M u \—— jaa à —— DRE rome 
Oo Rem [5 Ai | BESSER 3: TRUE | Il TPE, Bew? ja 
| (ke ) Ar gp]ou"v"+ 32 =) ou VE ye rer ov’ sing~—o'w"'cos @ }u, 
6 (Rin) = _ 
be = Cp ay yp" | 2 ne A 
m) — 1 — / N 
7 = ge 20 peed (A sin p—o'w cosp ii, 
A à On 25 Aa ~ 
(7! &e) ~(20 sing — 7, += tg 9) ou? — [20 cos @ + a + =] ou’w”, (42) 
a (ke) | + k 
Rar Ze — : "—2 | ——| | Wal? of DER PET | 
© (Kye) ge w bide ou”v”snp—ou'w" cos], 
o(e) = ES gg w”, 


Cp 


where the terms due to the mean meridional circulation (v, w) have been omitted consistently. 

From (41) and (42), it seems reasonable to conclude that the two most important energy 
transformations on the scale of the general circulation are: 

a) for the maintenance of the large disturbances, the conversion of potential energy into 
kinetic energy of the large-scale eddies, as a result of the negative correlation between 
density and vertical velocity fluctuations (or positive correlation between temperature and 
vertical velocity fluctuations) ; 

b) for the maintenance of the zonally averaged motion ( mean zonal motion), the 
conversion of kinetic energy of the large-scale disturbances into kinetic energy of the mean 


: Ly RR <a eg 
motion (kn = a), due to the lateral Jeffreys-stress —ou”v” and the meridional shear 
2 


of the mean zonal wind 7. 


9. The second law 
Let us assume that the zonally averaged physical state of the atmosphere has a mean 
specific entropy 5 which is a function of the mean internal energy € and of the mean 
specific mass 0 [Sn = Sm (@, o)|, satisfying the Gibbsian equation 
dm _dE p do 
ode 
(x = 2, 3). It should be noted that the functions p, @, e, T and 


a 


CP 


RE 


where — = 


dé ot dx"? 
Sm are independent of longitude A. Upon substituting (26) and (10) into (43), we find 
the equation of balance | 


00 m 0 ~~ f — A Wwe = We 
- | 75 axe [v6 Say cr ae) — (44) 
y A 
er _ We a. We) 2 as | P; WimeA = = ( op | Pi) vi 
(T)2 9x* 1 Dun. 


ea 26) 
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where the second member represents the rate of production 6 (Sm) of entropy. The second 


law states that the entropy production is real, (0 (5m) > 0). | 
The contribution of small-scale turbulence and thermo-convection to the entropy produc- 


tion has been examined elsewhere (VAN MIEGHEM 1949 b). | 
Neglecting viscosity and small-scale turbulence, we shall consider here the entropy produc- 
tion due to large-scale turbulence only. Large-scale turbulence generates entropy at the rate 


We ok TUE 
(iy a F ax ‘à 


Ce (5m) = 


or, after substitution of (31 b), 


I Cp Tr 7 Ly TEST 7 
2 TON DE OC OS: (45 a) 
(Ty ° (N): 


Introducing the fluctuation 9” of © with respect to the weighted mean value Ô into (40) 
and (45 a), 


(C4 7 = LA JR R , ’ Gh 
ee a nn (0) 
oO Or aie ¢ or ere. 0 Le 
where y = lg 9, we find 
v'Vp=gouw"=—gop'w"=—goy w" (40 a) 
and 
AT RES = Cy — Cv op (Fae: Lv re 7 
Oe (Sn) = — C v” — + — vy’ ——> EN 7 er 2 2 47 
(sn) ORAN or me yon dy (47) 


Byerknes (1951) and Ware (1951) have shown that 9 y” v” > 0; consequently, the second 
term in (47) represents a positive contribution to the entropy production. Less is known 


regarding the flux of “latent” heat pe” v”, but it seems not unreasonable to assume that 


the last term represents also a positive contribution. Both correlations o y” v” and @ y” w” 
being positive, the sign of the first term depends upon the slope of the meridional eddy- 


motion (v”, w”) with respect to the isentropic surfaces © = constant or 9 = constant. 
When the large-scale eddy motion in the meridional planes takes place within the angle 
between the geopotential surfaces and the isentropic surfaces the first term represents also 
a positive contribution to the entropy production. Indeed, in the atmosphere, as a rule, 
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t ee nd tg ß = — — 
ee een, ae 


hence, 


when « < ß, the correlation between the fluctuations of temperature and vertical velocity 
being positive, (oy w” > 0). 

Eapy (1949) has shown the existence of unstable cyclone waves such that, during their | 
growth, potential energy is transformed into kinetic energy, the above mentioned condi- | 
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tion for the meridional eddy motion (v”, w”) being fulfilled. Thus, we may conclude that 
the growth of cyclone waves is accompanied by a conversion of potential energy into 
kinetic energy and simultaneously, with a production of entropy. 
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Starrs Invariant 


By GEORGE W. PLATZMAN, University of Chicago 


(Manuscript received 22 April 1952) 


In a recent communication to this Journal, 
STARR se 50) pointed out that for two-dimen- 
sional flow of an inviscid incompressible fluid 
between parallel rigid walls (which coincide, 
say, with latitude circles) on a sphere, the 
integral 


Soop er dA (1) 


D IH 


is invariant, and from this, commented on the 
stability of such flows, in particular on results 
obtained earlier by FJORTOFT (1950). 

The notation is as follows: A is the longitude, 
& the (absolute) vorticity ; the integration covers 
the entire cyclic region occupied by fluid, and 
this region is regarded as composed of strips 
cut out by lines of equal vorticity &, & + 66, 
etc.; the line integral follows a line of equal 
vorticity, and 


y=asn@® 
yy 


where a in the radius of the sphere, ® the lati- 
tude, and 


Il 


€ 


5 = — D yoda (2) 


is the average value of y for all particles com- 
posing a given line of equal vorticity. 

It is tacit in Starr’s discussion that each line 
of equal vorticity encircles the sphere, as 
pictured in figure ra. Accordingly, y cor- 
responds to the mean latitude of the ¢-line, 
and & to the departure of a particle from this 
mean position. A curve of the type pictured in 


figure 1a divides the whole doubly-connected 
region of fluid into two subregions, each 
doubly connected; we will call this a cyclic 
type of curve. 

To provide for more general species of 
two-dimensional flow, we may consider three 
other distinct types of curves (vorticity lines); 
these are illustrated in figures 1 b, c, d. The 


following “topological” classification of vor- 


ticity lines is implied: 


Original space divided into : 


a. Cyclic type — two doubly-connect- 
ed regions 

b. Closed type — onesimply, one triply- 
connected region 

c. Boundary type I — one simply, one dou- 


bly-connected region 


d. Boundary type II — one simply-connected 
region. 


Since vorticity is conserved, and assuming 
particles never leave or enter the boundaries, 
the topological classification of any vorticity 
line is invariant with respect to all dynamically 
and kinematically possible motions of the fluid. 


a b c d 


Fig. 1. Each of the four schematic illustrations rep- 
resents a polar stereographic projection of the spherical 
sheet of fluid, in which the flow is contained in the 
zone between two latitude circles. The lightly-drawn 
curve in each case depicts one of the four topologically 


distinet types of curves of equal vorticity. 
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Under these conditions, it is not difficult to 
prove that the integral in (r) is invariant also 
when the more general types of vorticity 
lines, classified above, are permitted, provided 
y in (2) is suitably defined. 

For what we have called the cyclic type of 
curve, the line integral (2) is determined by 
the area between this curve and the pole. 
Since the fluid is incompressible and vorticity 
is conserved, y thus defined is invariant for 
any vorticity line of this type. Likewise, for 
the closed type of curve (fig. 1 b), the line in- 
tegral (2) is determined by the area enclosed 
by the curve, so for the same reasons y is 
invariant. 

We start with the general statement that 


Î x dS (3) 


is invariant (FJORTOFT, 1950), where dS is an 
element of surface area of the sphere; for, it 
can be shown that this integral is determined 
by the total angular momentum of the fluid. 
Thus, let y denote the stream function and 
write & = div Vwy so that 


yo = div (y Vy) — Vy: V¥- 


If this identity is integrated over a region 
between two latitude circles corresponding to 
y, (on the north) and y; (on the south), we 
get the result (Starr, 1950) that (3) is equal to 
Ya Li — Ye I, + {total angular momentum}, 
where 2° and J’, are the fluid circulations along 
the boundaries. The latter, as well as the total 
angular momentum, are conserved.! 
Consider first a flow in which the “boundary 
types” of vorticity lines are excluded, and the 
boundaries coincide with lines of equal 
vorticity. Imagine the entire region divided 
into strips by vorticity lines ¢, ¢ + 06, etc., 
and then into elementary parallelograms by 
meridians À, À + 04, etc. (figure 2). The 
element of area ds is then dy6A, and the contribu- 
tion of one of these vorticity strips to (3) is? 


1 The boundary effects disappear when the flow 
covers the entire sphere; or when viscosity is invoked 
to provide no slip at the boundaries (in which case, 
of course, the total angular momentum may not be 
conserved). 

2 Note that 06 must be taken in such a sense that 
the corresponding dy is positive wherever 0A is posi- 
tive, because dy dA = dS is inherently positive. 


Fig. 2. The strip between vorticity lines € and € + 
+ ÔË is divided into elementary parallelograms by 


meridians À and À + 01. 


Cy dy dA = D po (; rt) 54 — 
ED ~ you. 


In adding the contributions from each strip 
we can integrate the first term on the right 
partially for a fixed value of 4, from wall to 
wall (y; to y,), and get the result that minus 
(3) is equal to 


V1” Pt, dA — = yo? Poe OA + (4) 


D lH 


+ fat P = yon. (s) 


In (5) substitute y = y + &; the line integral 
is then equal to 


= 7e Don +yPeor + (6) 
<< ip = e? OA. (7) 


In view of the definition of y in (2), we find 


ed = 20 (t— 7), where 


Bina t for cyclic curve 
Tr = — (Ÿ 6 = 
an o for closed curve. 


It follows that (6) is equal to 


ne I 
27 ÿ* (:— it). 
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Collecting these results, we see that minus (3) 
is equal to 


- yw ip Cy où — = y D Go 0A + (4) 
+2rf ÿ (:-+ r) DC De) 


PDP ed «+ = (i) 


If all vorticity strips are either cyclic or closed, 
the boundaries must coincide with vorticity 
lines; in this case each term in (4) is invariant. 
Further, (8) is invariant in any case because 
not only are ¢ and y conservative quantities, 
but also 7 is conservative because of the in- 
variant character of the topological classifica- 
tion of ¢-lines. The invariance of (4) and (8) 
therefore leads directly to the invariance of (1). 

The preceding argument depends upon 
exclusion of “boundary types” of vorticity 
lines, since otherwise (4) is not invariant in 
general. For such curves the integral defining y 
in (2) must be interpreted as a closed line 
integral (for example, for “boundary type FE) 
by arbitrarily incorporating a segment of the 
boundary joining the two end points of the 
vorticity line. The integral in (2) is then deter- 
mined by the area occupied by the fluid thus 
enclosed, and therefore y still is a conservative 
quantity. With this provision it can be proved 
that the contribution to (3) represented by (4) 
vanishes if the line integral in N 1) is interpreted 
as traversing in each case a closed curve, by 
including, where necessary, appropriate por- 
tions of the boundary. The invariance of (1) 
then follows from the invariance of (8).? 

Of the three conclusions formulated by 
Starr from the invariance of (1), the first 
particularly calls for some discussion. He 
states, in effect, that if the vorticity distribu- 
tion is montone, so that ö£ is everywhere positive 
or everywhere negative, then “zonal flow 
cannot develop into disturbed motion.” This 
inference is based on the idea that while (r) 
vanishes for zonal flow, it cannot vanish for 
a disturbed monotone vorticity distribution 


8 If the lateral boundaries are dispensed with and 
the flow covers the entire sphere, the ‘boundary 
types” of vorticity curves do not occur and the in- 
tegral (1) requires no further elaboration. 
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unless &= 0; but then there can be no disturb- 
ance. 

If this statement were taken at face value, it 
would reduce to an obvious truism because 
zonal flow can never “develop” into disturbed 
motion unless a disturbance of some kind is 
supplied; for, regardless of stability, zonal flow 
is an equilibrium state and therefore cannot 
change without the action of a disturbance. 
But if a disturbance. is postulated, the flow is 
automatically disturbed ab initio. 

Evidently, the statement must be interpreted 
as an inference regarding the stability of zonal 
equilibrium flow, implying, in other words, 
that if the postulated zonal flow is slightly 
disturbed, then in some sense (suitably defined) 
the disturbance will not grow. Since (1) is not 
restricted in any way to small disturbances, it 
is essential to use the word “stability” with 
caution. The harmonic-time-dependent per- 
turbation method provides clear-cut analytical 
procedures for investigating this question, and 
at the same time establishes a precise operational 
basis for a definition of stability (a definition 
that cannot, however, be abstracted readily 
from its operational context). 

If the term is used in this sense, the statement 
in question coincides with the well-known 
Rayleigh criterion; but it is not evident that 
there is an equivalence between the concept of 
stability involved in Rayleigh’s criterion and 
that which is tacit in Starr’s statement. 

A rather general formal stability criterion in 
accord with intuition is as follows. Let P and 
Q be suitable parameters characteristic of the 
deformation of an equilibrium state and let P, be 
the initial value of P corresponding to a pre- 
scribed initial disturbance. 


The equilibrium state is stable if, regardless 
of the initial form of the disturbance, it is 
always possible to assign a finite value to Py 
that will make Q smaller than any preas- 
signed value for all time. 


In principle the qualification “for all time” is 
essential (as intuition suggests), yet this proviso 
probably prohibits the use of perturbation 
theory, or in fact any approximation theory 
whose validity is inherently limited to a 
restricted interval of time. Since we are dealing 
with a nonlinear system, the preceding formal 
definition of stability suggests an investigation 
of the integral invariants of the system. 


ee de des eee Tee nr eee eee à 
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The properties P and Q need not be distinct; 
for example, both may be identified with the 
energy of the disturbance. It should also be 
remarked that the choice of P and Q may to 
some extent restrict the scope of the criterion; 
in other words stability with respect to one 
pair of parameters may not always imply 
stability with respect to a different pair. For 
example, in connection with the Rayleigh 
criterion, FJORTOFT (1950) has stressed that 
stability can be proved only if P is identified 
with disturbance vorticities (assuming Q is 
identified with the sum of squares of meridional 
displacements). 

Returning to an interpretation of Starr’s 
inference from the invariance of (r), suppose 
we identify (1) with the parameter P, and Q 
with the kinetic energy of the disturbance. 
This means that we must establish a connec- 
tion between (1) and the disturbance energy, 
in such a way as to satisfy the stability criterion. 
A rigorous proof of stability in this sense 
would be of considerable interest from the 
standpoint of theoretical fluid mechanics. 

One of the perplexities of this problem arises 
from the consideration that there may be 
certain parameters Q with respect to which 
stability can never be proved. Possibly one 
such inherently “unstable” parameter is the 
magnitude |\7¢| of the vorticity gradient. 
Apart from highly exceptional cases (for 
example, steady wave propagation), it seems 
probable that by and large, within the nonlinear 
framework of the vorticity equation, a given 
initial flow will evolve toward greater and 
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greater complexity: the vorticity distribution, 
at least in some regions of the flow, must 
become progressively distorted, individual 
lines exhibiting more and more involved 
convolutions and tending to “fill the space.” 
It seems inevitable that in certain critical 
regions vorticity gradients must ultimately 
attain large values (for which viscosity may 
begin to dominate), regardless of any con- 
siderations of the stability of the system.! 

To the writer, an exacting and highly 
idealized criterion such as involved in the 
preceding formal definition of stability does 
not seem to be especially relevant in connec- 
tion with the behavior of large-scale atmos- 
pheric flow. Probably no equilibrium states 
exist in the atmosphere; and because of the 
complexity of this system, the inherent over- 
simplifications in any model render extremely 
dubious any attempt to investigate the behavior 
of the model for all time. 

Starr’s invariant is a highly ingenious for- 
mulation of the momentum principle for 
two-dimensional flows; an integral invariant 
of the hydrodynamical equations, it is of 
interest per se. The writer hopes that the 
remarks made above will call attention to the 
need for clarifying some of the inferences made 
by Starr in his note. 

4 It may be of interest to point out that because 
it is responsible for the transference of vorticity be- 
tween fluid particles, viscosity will render noncon- 
servative the ‘topological’? parameter t defined above. 
Each such nonconservative event, altering the connec- 


tivity of a vorticity strip, corresponds to a transition 
of t from 1 to o (or vice versa). 
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A Baroclinic Model of the Atmosphere 
Problem of Numerical Forecasting in Three Dimensions. I 


By G. ARNASON 
University of Stockholm 
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Abstract 


A three-dimensional baroclinic model of the atmosphere is presented. This model is 
completely determined by 4 parameters, three of which specify the field of temperature. 
The main difference between this model and other models so far published is that it 
allows for a non-uniform temperature lapse-rate in the horizontal. Moreover, it takes 
into account the observed division of the atmosphere into a troposphere and a strato- 
sphere. 

A simplification is introduced by utilizing the synoptic experience that the horizontal 
temperature gradient is usually reversed when traversing the tropopause. This essentially 
reduces the number of parameters to three. 

This simplified version of the model is used for integrating the vorticity equation 
along the vertical, and the coefficients of the resulting two-dimensional equation are dis- 
cussed in some detail. Examination of the coefficients give some valuable information re- 
garding the levels of mean wind and non-divergence. 

The main results are that in middle latitudes the level of mean wind may vary from 
2.5—6.§ km and that the level of of non-divergence is always higher than the former, 
the difference amounting to 0.5—3.0 km. On the average, the level of mean wind lies 
below and the level of non-divergence above the 500 mb surface. One is therefore lead 
to the conclusion that this surface might be used to approximate each of the two levels 
mentioned. 

The consequence of this for the practical procedures for numerical torecasting is that 
the height changes at this particular level could alternatively be predicted in the two fol- 
lowing ways: 

a) By use of the barotropic vorticity equation, thereby assuming that the level of 

non-divergence can be replaced by the soo mb surface. 

b) By use of an integrated vorticity equation applicable to the level of mean wind. 

In this case one replaces the level of mean wind with the soo mb surface. 


Applicable to the 


I. Introduction 


The remarkable fact that temperature is 
nearly a linear function of height is used in 
this paper as a guiding principle for construct- 
ing an atmospheric model which is believed 
to take into account the essential features of 


1 This work has been made possible by a grant 
from the Knut and Alice Wallenberg Foundation, 
Stockholm. 


the actual atmosphere. The main divisions, 
the troposphere and the stratosphere, are 
kept in the model, but the numerous ir- 
regularities in the observed soundings are 
eliminated through a smoothing procedure. 


An objective smoothing may be achieved — 


by approximating an observed temperature 
height curve through a polynomial in z in 
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which the coefficients are functions of x, y 
and ¢. Any required degree of accuracy can be 
obtained in this way; however, because of 
the well established linearity in temperature 
with height, a first order polynomial is 
thought to be sufficient and has been chosen 
for the model presented in this paper. 

Models based upon simplifications in the 
theoretical representation of the field of tem- 
perature are certainly not uncommon; to the 
contrary, such simplifications are found ex- 
plicitly or implicitly in a number of papers. 
We may mention the advective model of 
RossBy (1942), CHARNEY’s (1947) and Eapy’s 
(1949) basic current models, and the model 
underlying the forecasting method developed 
by the Russian meteorologist J. A. Kibel in the 
early forties [see IZVEKow (1946) and Haur- 
WITZ (1946)]. Moreover, we will mention 
the so-called 21/, dimensional models presented 
by SUTCLIFFE (1947), FJÖRTOFT (see CHARNEY 
1951), PHittips (1951), EADY (1952) and Erras- 
SEN (1952). 

Common to most of the works referred to 
above is the assumption that the horizontal 
temperature gradient is independent of height. 
The model presented in this paper goes one 
step further inasmuch as it contains a tropo- 
spheric temperature gradient which varies 
linearly with height in accordance with the 
equation 


Vr ealVig— 2 Vk (1) 
Here — VT is the horizontal temperature 
gradient at z=o, and — Vk the horizontal 
gradient in the temperature lapse-rate. It is 
firmly believed that the introduction of a 
non-uniform lapse-rate in the field of tem- 
perature is a considerable improvement over 
models based on a temperature gradient which 
is independent of height. This improvement 
appears clearly when one deals with the 
adiabatic equation. In the case of temperature 
gradient independent of height this equation 
admits only a trivial solution for the vertical 
velocity, whereas the linear temperature gra- 
dient gives a parabolic distribution of the 
vertical velocity with height. Moreover, an 
application of the model to numerical fore- 
casting has shown that local changes in the 
average (with respect to height) temperature 
lapse rate may contribute considerably to the 
local pressure changes. 
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Section 2 of this paper is devoted to the 
detailed presentation of the equations describing 
the fields of pressure, geostrophic wind and 
geostrophic vorticity corresponding to the 
smoothed field of temperature. The knowl- 
edge of the functional relationship of these 
elements with respect to the height z makes 
the model particularly well suited for inte- 
gration of the vorticity equation along a 
vertical. 

The integration of this equation is dealt 
with in sections 3 and 4, and rather definite 
information regarding the levels of mean 
wind and non-divergence is gained. It turns 
out that these two levels are primarily deter- 
mined by the vertical structure of the atmos- 
phere, and that the particular distribution 
of temperature and pressure is not essential 
for their determination. A considerable in- 
fluence upon the height of these levels is 
exerted, however, by the horizontal distribu- 
tion of temperature in the stratosphere. 

A continuation of this article, to be pub- 
lished in a later issue of Tellus, will be de- 
voted to the application of the model to nu- 
merical prediction of the fields of temperature 
and pressure. 


2. Specification of the model with respect 
to height 


The field of temperature. The model consists 
of a troposphere, in which the temperature t 
is given as function of the height z by the 
equation: 

(2, 1) 


and a stratosphere where the temperature is 
independent of height. In equ. (2, 1) k is the 
temperature lapse-rate and is independent of 
z. Both to (surface temperature) and k are 
functions of the horizontal coordinates x, y 
and the time t. Since the stratosphere by defi- 
nition is characterized by isothermal conditions 
in the z-direction, its temperature is obviously 
obtained from (2, 1) by putting z =A, 
where h is the height of the tropopause, which 
may vary with x, y and ¢t. Thus: 


E = % kz 


(2, 2) 


where the subscripts s and h refer to the 
values of 7 in the stratosphere and at the 
tropopause level respectively. 


Ts =Ta=T — kh 
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Fig. 1. The thick line is the tropopause and the thin lines are isotherms. In a) the slope of the tropopause is 

greater than that of the isotherms in the troposphere and the tropospheric and the stratospheric temperature 

gradients have opposite directions. In b) the isotherms and the tropopause have the same slope and V tT, = 0, 
and in c) the two temperature gradients have the same direction. 


From (2, 1) and (2, 2) the following ex- 
pressions for V t — the horizontal temperature 
ascendent in the troposphere — and V 7; — 
the horizontal temperature ascendent in the 
stratosphere — are obtained through deriva- 
tion: 


(2, 3) 
(2, 4) 


Three-dimensional nabla operators will not 
occur in this paper, and the symbol V will 
therefore be used throughout to denote the 
two-dimensional nabla operator referring to a 
horizontal surface. 

It is obvious from (2, 4) that knowledge of 
the topography of the tropopause is needed 
in order to determine the jump in the hori- 
zontal temperature gradient, when passing 
from the troposphere to the stratosphere. 

For later reference and for comparison 
with the model, the general expression for 
the relationship between the tropospheric 
and the stratospheric temperature gradients is 
given below: 


VT=VT-2Vk 
V ts=V To V.(kh)=(V tenn - kV h 


(Vr)en-(Vren-(k-k)vh (25) 


where k, is the stratospheric temperature 
lapse-rate at the level of the tropopause and k 
is the tropospheric one at the same level. 
Putting k,= o and assuming k and V 7% to be 
independent of z, equ. (2, 5) becomes iden- 
tical with (2, 4). 

It is frequently observed that, at least in 
middle latitudes, the direction of the horizontal 
temperature gradient is reversed when passing 
through the tropopause. This implies that 


(k —k,) V hhas the same direction as (V t)z=n 
and is greater in magnitude. Moreover, ex- 
perience indicates that a strong tropospheric 
temperature gradient is positively correlated 
to a great slope of the tropopause. Since the 
details of the stratospheric field of temperature 
are presumably of minor importance for the 
solution of a great many problems in dynamic 
and synoptic meteorology, these empirical 
findings will be used to simplify the model. 
This is done by replacing equ. (2, 4) by the 


simpler one: 


where € is a parameter of the model, the 
value of which, however, is sofar unknown. 
Fig. 1 is a vertical cross-section showing how 
the slope of the tropopause in relation to that 
of the isotherms of the troposphere depends 
upon the sign of e. By use of the daily trop- 
opause charts published by the British Mete- 
orological Office, London, and the associated 
aerological data, values of the parameter € 
have been computed and their variability 
studied to a certain extent. The results will be 
discussed in some detail further below. 
Returning to equ. (2, 3), the tropospheric 
temperature gradient is obviously a linear 
function of height since Vk is independent 
of z. An observed temperature gradient alter- 
natively veering and backing with height 
could therefore not be approximated through 
(2, 3). Observations indicate that such a 
variation with height is not very common, 
and the average veering or backing with 
height can always be accounted for by the 
model, since Vk is independentt of Vr,. 


| 
| 
| 
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It is convenient to distinguish between the 
following special cases: 

a) V k=o The horizontal temperature gra- 
dient is independent of height. As will appear 
below this implies a linear variation in the 
geostrophic wind with height. 

b) Vk=x Ato. The direction of Ar is the 
same throughout the troposphere, with a pos- 
sible exception for a change of 180 degrees. 
The magnitude will decrease or increase with 
height depending on the sign of the propor- 
tionality factor x. 

c) VR =xV 1%) xk where k is a unit vector 
directed along the positive vertical. In this 
case the temperature gradient rotates at a 
constant rate throughout the troposphere. 

The field of pressure. Having expressed the 
temperature and the temperature gradient as 
known functions of height, the pressure field 
is easily determined from the hydrostatic 
equation, which integrated is most conven- 
iently used in the form: 


$ de 
el (2, 7) 


where g is the acceleration of gravity and R the 
gas constant per unit mass. 

Applied to the model equ. (2, 7) gives the 
following expressions for the pressure, the 
horizontal pressure gradient and the density: 


B= pi: emzs; 0.0 em; (a, 10) 
Vps= (res (vpn a = zs vr.) (2, 11) 
Er a, 
where n = RE and m Ra, 


Equations (2, 8) and (2, 9) apply to the trop- 
osphere and (2, 10) and (2, 11) to the strat- 
osphere. A slight approximation has been 
made in (2, 9). 

Applying the geostrophic equation we 
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arrive at the following expressions for the 
geostrophic wind in the troposphere and the 
stratosphere respectively: 


ie; 
NAS SV iat Wises 


(2,113) 


where vw’ = 


2 kx Vt, ver LT. 
To 


Fo of 
vy FR x Vr, and f is the Coriolis param- 
h 


eter. 


In virtue of (2, 6), 


Vi = 2.0 (v’ — 2hv”) (25 TA) 
Th 
which inserted in (2, 13) gives: 
To, , 2 
Van Nie (v’-2hv’)z, (2, 15) 
h 


It follows from (2, 12) that the wind in the 
troposphere is a polynomial of second order 
in z. There is no relationship between the 
constant vectors Vo, v’ and v” and the wind 
may decrease or increase with height and 
change direction as well. In the stratosphere 
the wind is a linear function of height only, 
corresponding to the simpler field of tem- 
perature. 

Fig. 2 gives a sample of possible wind pro- 
files in the case of uniform wind direction 
with height. It may of course also be inter- 
preted as the profile of the wind component 
in a certain direction. 


MET ae eal I 
Neglecting the variation in —, -— and — 
To To Th 

compared with that of vo, Vt, Vk and Vt; 
respectively, the following expressions for 
the relative vorticity of the troposphere and 
the stratosphere are obtained from (2, 12) 


sade; 13): 
Pe Pa Ce (2, 16) 
To 


Gs = Ch ae 2 (2, 17) 


Z STRATOSPHERE 


TROPOSPHERE 


oO 


Fig. 2. Examples of possible wind profiles in the 

model. The first profile from the left corresponds to 

no temperature .gradient and the fourth profile cor- 

responds to a constant temperature gradient throughout 
the troposphere. 


where 
/ wy 9 = X 2 
Co= = 2 6 =2-Vi 4, 2 a ‘5 
nn u, 
= Ver, (2, 18) 


and V2 is a two-dimensional Laplacian re- 
ferring to a horizontal surface. The expressions 
for the wind and the relative vorticity are 
analogous, and the profiles depicted in fig. 2 
may therefore just as well represent a sample 
of vorticity profiles. 

Derivating equ. (2, 6) and neglecting the 
variation in h and ¢ compared with that of 
Vr, and Vk, we may write 


Vire 8 (170 = bye ky (300) 


This inserted in the expression for Cy gives: 


Fe / T = Sere 
= 8 (0 - 2ht”) (2, 20) 
Th 


Substituting for &; in (2, 17) we then arrive 
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at the following expression for the stratos- 
pheric vorticity: 


&=&u-e— (0 — 2he")z, (2, 21) 


The assumptions underlying equation (2, 6) 
may for some purposes prove to be too crude. 
We will therefore go back to (2, 4) and give 
the corresponding expressions for the wind 
and relative vorticity of the stratosphere: 


V;s=Vit EG -2hv”) - = kx va] pl OMI: 
Th {Th 


Cs=Ch+ E (& — 2h£”) _skos he. (3,33) 
Th fth 


In deriving (2, 23) from (2, 22) similar approxi- 
mations have been done as in the derivation 
Ot, (2. 10) and 207% 

It is clear from (2, 22) and (2, 23) that the 
topography of the tropopause gives rise to 
stratospheric wind and vorticity. When re- 
placing the atmosphere by this model, this 
contribution of the tropopause can be measured 
from a chart of tropopause contours in the 
same way as is geostrophic wind and vorticity 
measured from ordinary. upper air maps. 

Computed values of the parameter ¢ based on 
observations. On the preceding pages the fields 
of temperature, pressure, geostrophic wind 
and geostrophic vorticity have been described 
in terms of quantities, the magnitude and 
range of variability of which are well known 
from surface and upper air observations. The 
single exception is the parameter e, which is 
not readily obtained from current data. 

In order to investigate the magnitude and 
variability of this parameter some studies 
have been made based on the tropopause maps 
and the aerological data in the Daily Aerolog- 
ical Record, published by the Meteorological 
Office, London. One value of ¢ was computed 
for nearly each day of a period covering the 
months Febr., July, Aug. 1950 and Nov., 
Dec Tosi, 

As mentioned earlier the horizontal tem- 
perature gradient of the stratosphere at z=h 
is related to that of the troposphere at the 
same level and the gradient of the contour 
lines of the tropopause in accordance with the 
following equation: 


(V Tony an (V LEE = (k = k)V h (2, 5) 
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The British material quoted above shows that 
in the majority of cases the three gradients in 
this equation are approximately directed along 
the same line. With this in mind two sounding 
stations were chosen such that their line of 
connection, as far as possible, was perpendicu- 
lar to the contour lines of the tropopause, 
and tropospheric and stratospheric temperature 
differences were computed as sketched in fig. 3. 

Altogether 147 values of ¢ were computed, 
and the results are given in table 1 and fig. 4. 

As one might expect, the two temperature 
gradients are in general of the opposite direc- 
tion. The recorded exceptions were associat- 
ed with very weak temperature gradient in 
the layer s00—300 mb and the same applies to 
the cases with high positive values of &. It 
is obvious from (2, 5) that when (V T)e=n 
is zero, (VT;)z=n is proportional to — Vh. 
The latter may of course differ from zero, 
in which case e approaches + oo. Study of 
the tropopause charts in relation to the rela- 
tive thickness lines soo—300 mb have shown 
that the proportionality between the tropos- 
pheric and the stratospheric temperature gra- 
dients in the vicinity of the tropopause is 
rather well established, whenever the tem- 
perature distribution is not too far from the 
normal one. The parameter e is then positive. 
When, however, the temperature distribution 
is greatly disturbed, the direction of the two 
temperature gradients may form a rather ar- 
bitrary angle and the assumption of propor- 
tionality breaks down. In such cases there will 
be regions with a very weak temperature gra- 
dient in the troposphere, whereas the slope 
of the tropopause may be rather pronounced, 
giving rise to a stratospheric temperature gra- 
dient which has no simple relationship to the 
tropospheric one. Determination of € will 
then give values within a very great range. 


DIMENSIONS 


Station | 


Station 2 
Fig. 3. A vertical cross-section at approximately right 
angle to the contour lines of the tropopause. The 
components in this plane of the tropospheric and the 
stratospheric horizontal temperature gradients at the 
tropopause are represented through At and A T, re- 
spectively. Subscript h refers to the tropopause level, 
and subscript s to the stratosphere. 


30 


O | 2 3 4 € 


Fig. 4. Frequency distribution for e. The number of 

cases within each of the intervals 0.0—-0.5, 0.5—1I.0 

etc. up to 3.5—4.0 are given by means of a histogram. 
The total number of cases is 147. 


In the model one has assumed that the 
stratospheric temperature gradient is indepen- 
dent of height, whereas the magnitude of the 
observed one in general decreases with height, 
and a change in direction may also occur. 
This actual decrease in magnitude can be 
accounted for in the model by proper choice 


Table 1. Mean values of the parameter € 


Total number Number of cases with: Mean values 
Month =, a —__ 

EE O<e<399| & > 4.00 e<o 0 < € < 3.99 
Hé 1950er: 28 23 o 5 1.23 
July VER ee: 29 26 2 I 1.26 
Aug. WD -Boooes Edwdssrc 30 28 I I 1.67 
NON a MCGEE 5 cec.A Go poe omic 29 25 I 3 1.50 
Dec: ENTE 31 23 4 4 1.48 
Period 147 125 | 8 14 1.43 
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of the parameter €. In order to study this 
decrease to a certain extent, the temperature 
difference at 100 mb between the two stations 
in fig. 3 — whenever available — was com- 
puted. In the average this difference was 40 % 
of that at the tropopause level. Altogether 
137 cases were treated and in 15 of these, 
change in the sign of the temperature dif- 
ference was observed. In 3 cases it in- 
creased with height. These 18 cases were 
associated with weak to moderate temperature 
differences. 

In spite of the very limited region (the Brit- 
ish Isles and the two British weather ships 
in the Atlantic), to which the aerological 
material used here refers, the results are pre- 
sumably valid for middle latitudes. In high 
latitudes negative values of ¢ will — at least 
in wintertime — occur more frequently than 
in middle latitudes, and the assumption of 
proportionality between the two temperature 
gradients may turn out to be in less agreement 
with observations. 


3. Integration of the vorticity equation along 
the vertical 


The integrated vorticity equation. When fric- 
tion is neglected the vorticity equation may be 
written as follows: 

on EE 
= Vas n = 
dt 1 


be r 


& fi a OV 
— + i, . — PE k 
(n div v i Vg: Vor wa + Vwx > ) 


where v is the horizontal wind vector, 7 = & 
+ f the absolute vorticity component along 
the vertical, w the vertical velocity, and v, 
the geostrophic wind. Elimination of div v 
by use of the equation of continuity 


d 00 


° ¢ ‚ e_ 
edivv+> owtv- Veta =o 
gives: 
EN Vv vue | w+ V Je 
DS GS gee |e 
ae Ov 
>» ° = a peal 
ve Vo ler Da: 
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It is generally assumed that the last term on 
the right hand side is comparatively small, 
and it is therefore neglected here. Further- 


0 
more the terms 7v-Voandy = are small com- 


a 
pared with the terms ev- V7 and g -- because 


b ATO N Bu 
the relative change —* in the density is in 
0 


all cases of practical interest very much smaller 


vn 


than the relative change pom in the absolute 


vorticity. In virtue of this the vorticity equa- 
tion is reduced to: 


a 2 DE 
05! +ov - Vn == (ow) - ow = 77 (=) 


dz dz 
(3, 


Equation (3, 1) will now be integrated with 
respect to z for the boundary conditions w = 


WwW 4 
© (2 finite at 
N 

infinity) by use of the model described in the 
preceding section. This implies that v and 7 
are to be interpreted as the geostrophic wind 
and the geostrophic vorticity of the model. 
Moreover, we will assume that the integrated 
contribution due to the variation in 7? with 
height is so small that it can be neglected. 
This together with the boundary conditions 
makes the right hand side of (3, 1) disappear 
when integrated from z = 0 to z=, an 
we obtain: 


a r 1 
Seid + pfordz+ fov- Vldz=o (3, 2) 


fe) 


o for z = oand o = o for z= 


where B ae and v=— be is the y-component 
dy fo 9x 

of the geostrophic wind. It is possible to make 

a certain statement regarding the sign of the 

error introduced by neglecting the variation 

in 7° with height. Fig. $ gives a schematic 


ow 2) er) 
icture of 72, —, and —{ == | as functions of z. 
N 1 | N 


Tr Ta ea eee 
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Obviously, 7? decreasing with height will 
0 52 
make the ub or (ee) dz positive when as- 


Oo 

sociated with positive vertical velocity and 
negative when associated with negative ver- 
tical velocity. This statement is to be reversed 
when 7? increases with height. Apart from this 
qualitative consideration we will not at this 
stage try to evaluate the integrated contribu- 
tion of the right hand side of (3, 1), but it is 
assumed to be comparatively small in most 
of cases. 

Substituting in (3, 2) for 0, v and ¢ the ex- 
pressions given in the preceding section, the 
integration can be carried out by elementary 
methods; but, since a considerable amount of 
calculation is involved, the details are not 
given here. From the expressions quoted it 


can be seen that all the integrals to be evaluated 
h 


T n 
are of the two types i (=) zdz and 
To 
fe} 
oo 


if e-™=z4dz where m, n and q are independ- 

fe} 

ent of z, r is the temperature at the height 

z and Tp» the temperature at the zero level. 
Having carried out the integration of (3, 2) 

the following equation is obtained: 


ao IE CR ER fk dPo 
A,— + A; 2 As hr: ae 


=| + Vo £ (A, V fo + 


+ A;V Gi = AgV 64) AVE (4; V Éo + A7 V C' Er 
— AgVE”) - v’- (AgV So + As VO’ - AV ”)= 0 
(3, 3) 


The coefficients A,, Az, ... Ay are in general 
positive and are functions of the parameters 
k, h, &, po and to of the model. Except for 
A, and A,, which do not contain &, each of the 
coefficients depends upon all the parameters. 
This functional relationship will be discussed 
at some length later on. 

The considerable number of terms makes 
(3, 3) somewhat unattractive to deal with, 
and before attempting a general discussion 
two special cases will be mentioned: 
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: ane ow 
Fig. 5. A schematic picture of the curves 7?, — 
N 


and 


à 

— (2 . The area between the & (=) curve and 

dz \n DA 11 

the z-axis is divided in two equal parts by the 
eal es = 


a. No horizontal temperature gradient, i. 
Vt=Vk=o. Equation (3, 3) reduces to: 


iss} 
. 


TR vi Give: V Cg=0 where a “fo 

(3, 4) 

has been replaced by vo: Vf. Except for the 

factor A, (3, 4) is identical with the baro- 
tropic vorticity equation 

ety 7 (f+¢)\ =.0 (3, 5) 


where v and € are independent of height. 
While in the baroropic case it is assumed that 
the vertical velocity is identically zero, no such 
assumption underlies the derivation of equ. 
(3, 4). This difference, however, is only of 
academic interest, since an identically vanishing 
temperature gradient is physically not com- 
patible with non-vanishing vertical velocity, 
except in connection with adiabatic processes 
in an atmosphere with adiabatic temperature 
lapse-rate. 


The ratio = depends practically on the 
a 


lapse-rate k only; it is equal to unity for k=o 
and drops to 0.86 for k= 0.75 : 10”? °C/meter. 
The difference between the case considered 
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here (V t=0) and the barotropic one is ex- 
plained by the fact that in the latter case the 
temperature is constant along a pressure sur- 
face while in the former it is prescribed to stay 
constant in a horizontal plane. Only for k=o, 
or when the pressure surfaces are horizontal, 
are these two cases identical. 


b. Uniform temperature lapse-rate, i.e. V k=o. 
In this case equation (3, 3) reduces to: 


Xo ac’ A Apo 8 
en A 
Et a 00 an 

- (Aa V do + AVE) +v': (AsV Lo + AVE) = 0 
(3, 6) 


The geostrophic wind is now a linear function 
of height, and as is well known, models with 
this property have been used by many authors 
when dealing with small perturbations, and 
with considerable success. In a paper not 
yet published equ. (3, 6) has been applied to 
investigate the speed, vertical velocity, and, 
to a certain extent, the stability of spherical 
harmonic wave disturbances superimposed 
upon a uniform basic current. The results 
were promising and it would seem that (3, 6) 
is an approximation good enough to give 
reasonably correct answers to certain types of 
problems. 


Discussion of the coefficients of the integrated 
vorticity equation in relation to the parameters of 
the model. Returning to the integrated vorti- 


A 


nes I 
city equation (3, 3) we will now insert — V?po, 


feo 
= V 2% and oe Vk for Co, C’ and ¢” respec- 
5 2 


tively. After the substitution and a multiplica- 
tion of all the terms with the Coriolis para- 
meter f, equ. (3, 3) takes the form: 


d IT dk ö 
B 2 0Po B 20 2 Po 
Nr anne Bi 
OT ok 
+B, Fe - By) + Vo: (Ba VV? po + 


+ BV V? to - Be V V°?k)+v'- 


T 
in Bs V V? po + BrV V? To — Bg V V°k) - 
PIV) 


27 o 
— v” (= Be V V° Po ar 2B3V Vie Lam 
8% 


- ByV V?k)=0 G77) 
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The relation between the two sets of coefli- 
cients is as follows: 


ieee Oe fr Ast 2A na 
B, By 0> By PB: B, g > 

f:As_f-Ac_ f-As_ F As _ 2% G, 8) 
Bs Bg Bg Bo £ 2 


Each of the coefficients B,, B:,... Bo is a 
function of all the parameters k, h, e, po and 7, 
except for B, and B,, which do not contain e. 

Analytical expressions for the coefficients in 
terms of the parameters of the model are 
found in the appendix. 

We will now investigate to what extent the 
coefficients are sensitive for variation in the 
parameters, since this is a question of great 
practical importance when applying the equa- 
tion (3, 7). It appears when studying the ex- 
pressions for the coefficients, that po is a 
common factor for all of them expect B; and 
B,, where we, however, can introduce po by 


replacing Rt) by A . Thus a change in the 


S 
surface pressure does not directly influence 
the relative magnitude of the coefficients in 
(3, 7). After division with the common factor 
Po, B, and B,and the coefficients for v’ - V V2 po 
and v”: VV? po are proportional to the 


I : 
surface value %=— of the specific volume 


and will therefore vary in the same manner. 
The relative change in & is, however, so 
small, that for practical purposes it may gen- 
erally be neglected. 

The relation to the surface temperature Tp is 
considerably more complicated and cannot 
easily be surveyed without making computa- 
tions for different values of to. This has there- 
fore been done for t)= 255, 270, 285 and 300 
degrees absolute, keeping the parameters k, 
h and e€ constant and equal to 0.65- 10-2 
°C/meter, 10 km and 0.50 respectively. The 
results are given in table 2, where values of 
all the coefficients in equ. (3, 7) have been 
computed for the four different values of to 
and for po=1,000 mb. For 15° C variation in 
To the percental change in the coefficients is 
from 2—10 %. It is worth-while to notice 
that some of the coefficients increase with 
increasing To While others decrease. Although 
all the terms of equ. (3, 7) are of the same 
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Table 2. Values of the coefficients of equ. (3, 7) for four different alu of 75, and for k, po, h and & 


equal to 0.65 : 


10-2 °C/m, 1,000 mb, 10 km and 0.50 r 


spectively 


| T = 255° | 2708 | os | To = 300° 
ee En a ET ee 
oe, | 0.6457 0.6862 | 0.7270 | 0.7679 
BOT we 0.1759 0.1677 | 0.1596 | 0.1520 
Eke Om er | 0.0472 | 0.0434 | 0.0395 | 0.0359 
Beer | 0.5647 0.6017 | 0.6392 | 0.6769 
JE Ore eee te | 0.1439 | 0.1384 | 0.1330 | 0.7277 
TOTER See 0.0380 0.0354 | 0.0327 | 0.0301 
To = 
5 RESTO Re 0.2736 0.2952 0.3160 | 0.3362 
(pe eh Ore eos + 0.1176 0.1139 | 0.1103 | 0.1074 
| 
emo | 0.0439 | 0.0431 0.042 | 0.0423 
2To ee = 
B,: 10 0.1444 0.1510 0.1556 | 0.1583 
TE ro A 0.0459 | 0.0475 | 0.0495 | 0.0525 


order of magnitude it turns out that those 
with B,, By, B, and B; are in general the most 
important. These coefficients show a variation 
of around 1 % for a 5° C change in to, but 
for B, and B, the variation is opposite to that 
of B, and B,. 

Next we shall consider variations merely 
due to the lapse-rate k. Table 3 gives the values 
of the B:s for k=0.55, 0.65 and 0.75+ 1072 
°C/meter. The other parameters to, po, h ande 
have been asigned the values: 285° absolute, 
1,000 mb, 10 km and 0.50 respectively. 

Within this range of k none of the coefficients 
shows a variation exceeding 5 %. Some of the 
coefficients, however, increase whereas other 
decrease for the same change in k. 

The last column in table 3 gives the values 
of the coefficients in the case of isothermalcy 
in the z-direction. This very special case im- 
plies no tropopause and consequently no 
discontinuity in the derivatives of the tem- 
perature. The values given correspond to t 
= 220 degrees absolute. Analytical expressions 
for the B:s in this special case are given in the 
appendix. 

Finally the sensitivity with regard to varia- 
tion in h and e will be discussed. It appears 
when one compares reasonable ranges for the 
parameters that the sensitivity of the coefficients 
is somewhat greater for changes in h and & 


a ee — om me de me “ie 


than for changes in the parameters discussed 
so far. As earlier B, and By change in a way 
different from the rest of the coefficients. 

Values of all the coefficients for h =8, 10, 12, 
14 and 16 km and & = 1.00, 0.75, 0.50, 0.25, 
0.0, — 0.25, — 0.50, — 0.75 and — I.00 are giv- 
en in the appendix. The remaining param- 
eters have been chosen as follows: t =285° ab- 
solute, pp =1,000 mb, k=0.65- 10°? °C/meter. 
B; and B, have been computed for three 
values of k. 

Above there has been given a brief discus- 
sion of the coefficients of the integrated vor- 
ticity equation in relation to the parameters 
of the model. For practical reasons, and also 
to be consistent with the basic equations 
describing the model, one will when applying 
equ. (3, 7) have to work with certain mean 
values for the parameters po, To, k, h and e. 
Obviously this implies a certain inaccuracy 
in the results, since the coefficients vary with 
the parameters as shown above. Although this 
investigation regarding the sensitivity of the 
coefficients with respect to the parameters is 
somewhat incomplete, it is quite clear that a 
proper choice of the parameters h and e is 
important. This applies particularly to the 
latter, the variability of which, in space and 
time, imposes a considerable restriction upon 


the applicability of equ. (3, 7). Applied to a 
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Table 3. Values of the coefficients of equ. (3, 7) for À = 0.55, 0.65, 0.75 : 10? °C/meter and for 7,, Pos h 
and ¢ equal to 285°, 1,000 mb, 10 km and 0.50 respectively. The last column gives the coefficients 
in the case of isothermalcy in the vertical (t = 220° abs.) 


ee 0.55 * 10 ? | 0.65 : 10? | 0:75 + FO? | 0.00 
By LOw gees. | 0.7429 | 0.7270 | 0.7112 | 0.6436 
eel Om cer der | 0.1598 | 0.1596 | 0.1596 | 0.2926 
JEP ROE RIO | 0.0394 | 0.0395 | 0.0399 | 0.1883 
Bi LOs as aes | 0.6657 | 0.6392 0.6138 | 0.6436 
Brea Ou” weeks | OT 37T | 0.1330 | 0.1290 | 0.2926 
BO TORE. i ay | 0.0337 | 0.0327 | 0.0320 | 0.1883 
EE Vays 3 Om RE. | 0.3258 | 0.3160 | 0.3065 | 0.4143 
800 
Bite Ome) soto | 0.IIIO | 0.1103 | O.IIOI | 0.3766 
Big tOn te | 0.042 | 0.042 | 0.0423 | 0.1818 
LEW SEO Cas | 0.1599 | 0.1556 | 0.1519 | 0.5332 
800 
Be OR | 0.0505 | 0.0495 | 0.0491 | 0.1560 


limited region and using carefully chosen mean 
values of the parameters the errors involved 
can certainly in most cases be kept below 20 %. 
In favourable cases the error may amount to a 
few per cent only. 


4. The levels of mean wind and non-diver- 
gence 


The level of mean wind. It is common when 
dealing with numerical forecasting to replace 
the actual atmosphere by a barotropic one, 
which has the same horizontal pressure distri- 
bution as the former when averaged with 
respect to height. These mean conditions will 
in general be found to be the same as those 
observed at some middle level — for inst. 
500 mb — and the problem is thereby re- 
duced to two dimensions. 

It is of great practical importance to in- 
vestigate to what extent the level representing 
the mean conditions depend upon the par- 
ticular distribution of temperature and pressure, 
and whether or not it can be assumed to be 
approximately at a constant height or a con- 
stant pressure in time and space. If such a 
constancy is found to exist, it may be a great 
advantage in the theory of three-dimensional 
numerical forecasting to choose this level as a 


level of reference, rather than the earths sur- 
face or some other levels. This particular level 
will here be referred to as the level of mean 
wind. 


Study of observed wind profiles (CHARNEY 
1947) has revealed that the zonal wind at 
around 600 mb is in the average equal to the 
mean zonal wind defined by the equation: 


Po 
U=+ | Udp 
Po 


where U is the zonal wind component, and 
the bar refers to an average with respect to 
a vertical coordinate. Applying this concept 
of a mean wind to the geostrophic wind of 
our model, we will now attempt to deter- 
mine a tropospheric level, at which the wind 
is equal to a mean wind defined in accordance 
with equ. (4, 1). 


(4, 1) 


Utilizing expressions for v as a function of z 
given earlier in this paper, the integration is 
easily carried out, and the following result is 
obtained: 


*(ouBivo + =. Dove = Byv’ ) (4, 2) 


v= 


— = _ 
EEE 
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Table 4. Computed values for z (in km) in equ. (4, 4) for T) — 285° and À = 0.65 - 10—2 °C/meter, and 
h and e ranging from 8—16 km and 1.00 to — 1.00 resp. 


4 A 1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00 
Skm| 2.1 2.9 3.6 4-3 5.0 5.7 6.5 7:2 7-9 
E To à 10 » 3.5 4.0 4.6 5.1 5.6 6.2 6.7 22 7.8 
ea Pe 2 12 » 4.5 4.9 5.3 5.7 6.1 6.5 6.8 7.2 7.6 
14 >» 5-3 5.5 5.8 6.1 6.4 6.7 6.9 2 7.5 
16 » 5.8 6.0 6.2 6.4 6.6 6.8 7.0 2 7.4 
8 km Not real 3.1 4-7 5.8 Gi 7-5 | 8.2 | 8.9 
Kr. /2To Le 10 » BT 3-4 4-7 5.8 6.6 7.4 8.1 8.7 9.3 
a — \ a 3 E20) 4-4 5.1 5.9 6.7 7:3 7.9 8.5 9.0 9.5 
14 >» 5.6 6.2 6.8 7-4 7-9 8.3 8.8 9.2 9.6 
TO > 6.6 Foie 7.5 7.9 8.3 8.6 9.0 9.3 9.6 


where the notations are the same as used 
earlier. 

Assuming that there is at least one level 
within the troposphere at which the wind is 
equal to v, this level is in virtue of (2, 12) 
determined from: 


(2-% 2.) Vo + (2 -73,) v= 
To Po Po 
(43) 


where z is the height of this level and 7 the 
corresponding temperature. If all the coeffi- 
cients of (4, 3) are zero for the same 2, this is 
independent of the particular distribution of 
pressure and temperature; if not, the level of 
mean wind will be different from one case 
to another depending upon the special fea- 
tures of the fields of pressure and temperature. 

Putting the coefficients in (4, 3) equal to 
nought, the following three independent equa- 
tions for determining z are obtained: 


T k g 


—— == Vf m 
To To Rt 


% 2T 
Bi; z=— By; 2?=—B, 
0 Po 


(4, 4) 


It appears from the expressions for By, B, 
and B, given in the appendix that z is inde- 
pendent of po and from earlier discussion on 
the B:s that for practical purposes variation 
in To and k may be neglected. The first equa- 
tion (4, 4) gives z = 5.0 km for h= 8 km 
and increasing almost linearly to 6.6 km for h 
= 16 km (B, is indep. of the parameter &). 
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The values of z in km obtained from the 
second and third equation of (4,4) are given 
in table 4 as z, and 2,. It is interesting to note 
that these two are for most values of h and & 
rather close to each other, the latter being 
(in general by !/,—ı km) the highest. 


Although the three equ. (4, 4) do not give 
identically the same values for z, we still 
may conclude, that the particular horizontal 
distribution of temperature and pressure is 
rather unimportant for the determination of 
this level. Obviously the level of mean wind 
is highest when the horizontal temperature 
gradient is caused by non-uniformity in lapse- 
rate only. In the case of reasonably strong and 
uniform temperature gradient this level is very 
close to the level given by z,, which is the 
lowest one of those three determined from 
(4, 4). 

The results given here are in very close 
agreement with the value 4.0—4.5 km for 
mean zonal wind at middle latitudes given by 
CHARNEY (1947). 

Due to the increase in the height of the trop- 
opause from the pole to the equator, one 
would expect that the level of mean wind 
increases in height towards low latitudes. The 
parameter &, however, presumably decreases 
towards higher latitudes and this effects the 
height in an opposite direction. Assuming h 
and & to be 14 km and 0.75 respectively at 
30° latitude and h = 9 km and € = 0.25 at 
70° latitude the level of the mean wind will 
be around only 1 km higher at 30° than at 
70° lat. This corresponds approximately to 
the slope of the 500 mb surface. 
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The mean relative vorticity & is obviously 
given by an equation analogous to (4, 2), 
namely: 


ra T LS N 2T, SE 
P= À (00 Bio + Bet us ) (4, 5) 


Taking the level of mean wind as our level of 
reference, the wind velocity v and the relative 
vorticity € may be expressed as follows: 

v=viv* and C=£4¢* (4, 6) 
where v* and ¢* are the deviations from the 
respective means. If this is introduced into the 
vorticity equation (3, 2) it is possible to com- 
pute the vorticity advection v*- V¢*. Ob- 
viously, 


ve votk=v-VC-v-VE (4,7) 


The first term on the right hand side of this 
equation is known from (3, 3) and inserting 


for v and & from (4, 2) and (4, 5) resp. the 
following expression for v* - V &* is arrived at: 


VV = vo: (C4V Cot C5 V &- Cave) = 
+v'-(C5V Co + C,V 01 - Cac) -v”. 


(CoV Lo + Ca V l’- Co VC”) (4, 8) 
Expressions for v- V £ and the coefficients C4, 
... C9 in terms of B,,... Bg are given in the 
appendix. Having computed all the C:s com- 
parison is made between v*: V7 £* andv- VE 
written in a form analogous to (4.8). We 
find then that C, is practically zero and that 
Cs; and Cg amount to approximately 5 % 
and 10 % resp. of the corresponding coefli- 
cients in the expression for v- Y ¢. The corre- 
sponding figures for Cz, Cg and Cy are so %, 
100 % and 100—500 % resp. 

In the case of uniform lapse-rate (V k = 0) 
the vorticity advection would seem to be 
determined mainly by the advection of mean 
vorticity by the mean wind, but the more 
complicated the temperature distribution be- 
comes, the more important becomes the 
“eddy” term v*: 7C*. When judging, how- 
ever, the importance of this compared with 
v- V&, the relative magnitude of the various 
terms in (4, 8) or the corresponding expression 
for v- 7£, has to be taken into consideration. 
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Rather often is it so, that the terms containing 
a derivative of the temperature lapse-rate are 
considerably smaller than the others. 

We will now neglect the terms with C,, 


C, and Cg in the expression for v*- V7 ¢*, 
which is then reduced to: 


VX VOX =G.v- VO -Cev- Vl"-Cav 
VE Cv VE (4 9) 


and try to determine a coefficient y such that 


vt «Vr = vere) Vere) 


where Z is the level of mean wind and vr 
and Ër the thermal wind and the thermal 
relative vorticity respectively for the layer z= 
oto z = 2. But, 


vr(z)- V or(@) =z*v’- V0 - Bw’ VO" - 
ZEV ay 


Comparison with (4, 9) shows that y will 
somewhat depend upon the particular distri- 
bution of temperature and pressure. In the 
case of uniform lapse-rate, i.e. v’=€” =o y is 


: C 
determined from: y == 
z 


One finds that y is nearly constant within a 
reasonable range of the parameters h and e 
of the model and can in the average be put 
equal to 0.5. 

In the very special case of a horizontal 
temperature distribution which is exclusively 
due to non-uniformity in the temperature 
lapse-rate, y is determined by the following 
equation: 


For the most common values of h and e, y 
is within the range 1—4. As an overall value 
for y in the general case we will suggest the 
number 0.6. 

The integrated vorticity equation may then 
be written 


Te Vn-0.6-vr- Ver (4, 10) 


The second term on the right hand side of 
(4, 10) is sometimes called the “development 
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term”. By this is meant that this term admits 
non-conservative changes of the vorticity in 
the mean motion. In practice one may possibly 
identify the level of mean wind with the 
500 mb surface. From (4, 10) we then learn 
that the tendency at this level can be computed 
by means of two maps, namely the soo mb 
map and the map for the relative topography 
1,000— 500 mb. 


The level of non-divergence. Besides the level 
of mean wind, the so-called level of non- 
divergence plays an important role in numeri- 
cal forecasting. By definition, the barotropic 
vorticity equation 


on 4 
aS Vn=0 


shall apply at the latter level, and consequently 
the left hand side of equ. (3, 1) has to be 
nought there. 

Because of the great simplification the knowl- 
edge of this level means to the theory and 
practical procedures for numerical forecast- 
ing, an attempt will be made to gather some 
information regarding this level by considera- 
tion similar to that given above for the level 
of mean wind. 

Substituting for the wind velocity and 
relative vorticity from (2, 12) and (2, 16) p. 
Le into a ßv+v- V£=o and comparing 
with the integrated vorticity equation (3, 3), 
the following equation for determining the 
height z of the level of non-divergence is 


arrived at: 
_po t\ Ho, (4 _ Po )- 
(4: ee) N ee 


Po 2\%"  B (4 Be 5) ey 
(4 en * & To/ ox 


pus Po wo 2. £ (A = 
er As Fi Dep ji 270 3 


2 
ha) + (44-2 (2) ) vo: 
g ox £ \T 
5 


By putting all the coefficients in (4, 11) equal 
to nought the following 9 independent equa- 
tions for determinating z are obtained: 


eee er z=—B, 
To To Rt 
2 279 we = ee B 
Se CE 3° aie 4 
Po To To 
T T TA 2T T 
Ze he: te D 0p 
To Po To Po Po 
27 2T 
3 0 2 4 0 
=— B,; =— By (4, 12) 
Po 0 


where the A:s have been replaced by B:s 
from (3, 8). The three first equations are iden- 
tical with (4,4) and the corresponding values 
of z were given in table 4 above. 

The values for the remaining z:s are not 
given here, but it appears from them that 
the level of non-divergence is somewhat 
higher than the level of mean wind. How 
much, depends upon the particular horizon- 
tal distribution of temperature and pressure. 
When non-uniformity in the lapse-rate is the 
predominant feature of the field of temper- 
ature, the height difference between these 
two levels is slightly larger than in the case 
of uniform lapse-rate. 

In fig. 6 we have given the height of the 
level of mean wind and the above mention- 
ed height difference for the latter case. It 
appears from the figure that in middle lati- 
tudes, the level of non-divergence is from 0.7 
to 3.0 km higher than the level of mean 
wind, and that the most frequent values for 
this height difference are below 1.5 km. Since 
é is usually positive in middle latitudes and 
the most frequent values of k lie between 
9 and 11 km, it is obvious from figure 6 
that the level of mean wind is generally 
somewhat below the soo mb surface and the 
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-1.00 20:50 0.00 0.50 1.00 -1.00 -0.50 0.00 0.50 1.00 
€ € 


Fig. 6. The curved lines in a) are isopleths for the level of mean wind for the case of uniform lapse-rate. 

In b) the curves show how much the level of non-divergence is higher than the level of mean wind, also for 

the case of uniform lapse-rate. The numbers refer to km as a unit. The dashed rectangle gives the range of 
h and ¢ which is thought to cover middle latitudes. 


level of non-divergence slightly above the 


same. This is of considerable practical interest, Be Her Ae Rt. (#)"] 


since the 500 mb level may be used as an To To & To 
approximation for both of them. * 

The results given here are in fair agree- p,-R%, 1 E eier re 
ment with the statement (CHARNEY, FJÖRTOFT, une n\To 


v. NEUMANN, 1950) that the level of non- 
divergence is in the average between 400— h 


soo mb. En el: | - "+ feu _ RH), 
So far considerations have only been given TolLn+I To n+I £ 


to the dynamical aspects connected with the 3 


model. In a following article the thermo- es À ate 
dynamics will be consulted, and a complete (=) |: By = Po 2 16 . zdz + 
set of equations for the purpose of numeri- ToL ets To 
cal forecasting of the fields of temperature 


and pressure will be derived. + h( h =) OM 
aie ie 7 
APPENDIX ir 


A. Expressions for the coefficients B,, B,.. n 
...... By of the equation (3, 7) p : .. in B,= 2) (=) er eo : 


terms of the parameters of the model: 


ce) 


B _ Rt n [1+ 1 /t,\"t! k h 
: tah ft eet n \To | (2) > B,=2 bel [ (=) ede -e Re. 
Po (1 Rt Th ‘ 
B, = — fe | ee Oe ? 
* % / (x) en, ® | | le) o | 


af 
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h 
B, = 22e] ik (A) 242-0 he. 
To J To £ 
RTo Th n 
CT 6 


The notations are the same as earlier. The 
integrals involved in the expressions for the 
coefficients are easily evaluated by use of the 
recurrence formula: 


together with 


h 
ra er n à To i Th n+I 
tom f (=) os k(n + "1 ba (=) ] (3) 


B. Expressions for the coefficients B,, Der 
ee B, in the case of isothermalcy in 
the z-direction. 
REG 


> Ba Spe eo 
8 
B3 = Bg = Bg: By, 


By = Bs- B, => By By, By = 2B- By? 


By, = 2Bg=2Bz-B, (4) 


C. Numerical values for the coefficients B,, 
[eee RE, EIS 5 Be 


The tables 5 and 6 below give the values of 
B, and B, for pp =1,000 mb, Tt) = 285° absolute, 
the three k-values 0.55 - 107”, 0.65 - 10? and 
On 1020 C/meters and = 8, 10, 12; 14 
and 16 km. The remaining coefficients are 
given in table 7 for the same po, To and h 
values, fork =0.65 - 10°? °C/meter only and € 
ranging from — 1.00 to +1.00. 


Table 5. Computed values for B, ° 10% 


LR 055210522 10.65.2102: [10:75 TOR 
8 km 0.7527 0.7383 0.7241 
10 » 5.7429 0.7270 0.7112 
T2) 0.7355 0.7186 0.7019 
14 » 0.7302 0.7126 0.6954 
16 » 0.7263 0.7083 0.6909 


AE 
Table 6. Computed values for B, * 10-4 
Re 2 2 6 2 2 
0.55021022 NO 65 #10 SET 
ee] 55 5 0.75 
8 km 0.6820 0.6573 0.6335 
10 » 0.6657 0.6392 0.6138 
120 0.6541 0.6266 0.6006 
I4 » 0.6461 0.6181 0.5919 
TO) 0.6406 0.6126 0.5866 
D. Expressions for the term v - VL and 


the coefficients Cy ...... Cy in equ. (4,8) 


er 2 
veVl- (£) | eoBiv%. Ar DE = | : 
Po & a 
T DT 
Ay | 0 Bite ores = ae] = 
2 
[aor (9) 

To ; g 279 = 
ea) an) 
G ) Rto 1 Po 3 6 
; £ To To ; 

+v'-| (2 B, ]| —B |VÉE + (5) Vê- 
bee Ne ) Op 
ve] 

Po Po 

Wy £ 2T9 ) To 
-v'. || <-B —-B veo + (fn). 

bee ) e | 4 Po 5 
(= Bs) Vo - (3,)*ve"] (5) 
Po Po 


Comparing with (3, 3) and utilizing (3, 8) 
the coefficients C, Cyl (428 are 


found to be: 
2 
2 x 
sonne B 
Ge Rig À (£ :) 
Gree! Bee £ Ben, 


Po Po 
BE Ben, Un 
Po Po Po 
2 
2To9 2T9 
a= B B ) 6 
i Po | Po : (6) 
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Table 7. Computed values for By, Bs, Bs, .............. By 
ae € 

1.00 0.75 0.50 0.25 0.00 | —- 0.25 | — 0.50 | — 0.75 | — 1.00 

EN wie 
8 km| 0.0746| 0.1000} 0.1254 | 0.1507| 0.1761 | 0.2015 | 0.2269 | 0.2522 0.2776 
Io » 0.1220] 0.1408] 0.1596 | 0.1783 | 0.1971 | 0.2159 0.2346 | 0.2534 | 0.2722 
POS 12 » 0.1581| 0.1717] 0.1853 | 0.1990 | 0.2126 | 0.2262 0.2398 | 0.2534 | 0.2670 
14 » | 0.1850] 0.1946] 0.2043 | 0.2140 | 0.2237 | 0.2333 | 0.2430 | 0.2527 | © 2624 
16 » | 0.2046| 0.2113] 0.2180 | 0.2247 | 0.2315 | 0.2382 | 0.2449 0.2516 | 0.2583 
8 km|- 0.0229|- 0.0026] 0.0177 | 0.0380 | 0.0583 | 0.0786 | 0.0989 | 0.1192 | 0.1395 
10 » | 0.0020] 0.0207| 0.0395 | 0.0583 | 0.0771 | 0.0958 | 0.1146 | 0.1334 | 0.1522 
BES One 12 » | 0.0287| 0.0450] 0.0613 | 0.0777 | 0.0940 | 0.1104 | 0.1267 | 0.1430 | 0.1593 
14 » | 0.0542] 0.0678| 0.0813 | 0.0948 | 0.1084 | 0.1219 | 0.1355 | 0.1490 0.1626 
16 » | 0.0770| 0.0877| 0.0985 | 0.1092 | 0.1200 | 0.1308 | 0.1415 | 0.1523 | 0.1630 
8 km| 0.0666) 0.0873| 0.1080 | 0.1288 | 0.1495 | 0.1703 | 0.1910 | 0.2117 | 0.2325 
Io » 0.1040] 0.1185] 0.1330 | 0.1475 | 0.1620 | 0.1764 | 0.1909 | 0.2054 | 0.2199 
Beto 12 » | 0.1301] 0.1400] 0.1499 | 0.1598 | 0.1697 | 0.1796 | 0.1895 | 0.1994 | 0.2092 
14 » 0.1479| 0.1545| 0.1611 | 0.1677 | 0.1743 | 0.1808 | 0.1874 | 0.1940 | 0 2006 
16 » | 0.1596] 0.1639| 0.1682 | 0.1725 | 0.1767 | 0.1810 | 0.1853 | 0.1896 | 0.1938 
8 a 0.0177|- 0.0011| 0.0155 | 0.0321 | 0.0487 | 0.0653 | 0.0819 | 0.0985 | 0.1151 
10 » | 0.0038] 0.0183] 0.0327 | 0.0472 | 0.0617 | 0.0762 | 0.0907 | 0.1052 | 0.1197 
Bor lon: 12 » | 0.0248] 0.0367| 0.0485 | 0.0604 | 0.0723 | 0.0841 | 0.0960 | 0.1079 | 0.1197 
14 » | 0.0434] 0.0526] 0.0618 | 0.0711 | 0.0803 | 0.0895 | 0°0987 | 0.1080 | 0.1172 
16 » | 0.0586| 0.0654| 0.0723 | 0.0791 | 0.0859 | 0.0927 | 0.0996 | 0.1064 | 0.1133 
8 km] 0.1582] 0.2075] 0.2567 | 0.3060 | 0.3553 | 0.4046 | 0.4538 | 0.5031 | 0.5524 
To 10 » | 0.2471| 0.2816] 0.3160] 0.3504 | 0.3849 | 0.4192] 0.4537 | 0.4881 | 0.5225 
200 By Lor 12 » | 0.3093] 0.3328] 0.3563 | 0.3797 | 0.4032 | 0.4267 | 0.4503 | 0.4738 | 0.4972 
14 » | 0.3514] 0.3670| 0.3827 | 0.3984 | 0.4141 | 0.4297 | 0.4453 | 0.4610 | 0.4767 
Tower 0.3793| 0.3895| 0.3996 | 0.4098 | 0.4199 | 0.4301 | 0.4402 | 0.4504 | 0.4605 
8 km] 0.1235) 0.0900| 0.0778 | 0.0866 | 0.1166 | 0.1678 | 0.2401 | 0.3335 | 0.4482 
10 » | 0.1291] 0.IIIQ| 0.IIO3 | 0.1244 | 0.1541 | 0.1995 | 0.2605 | 0.3371 | 0.4294 
Br Om 12 » | 0.1481| O.1411| 0.1453 | 0.1610 | 0.1880 | 0.2263 | 0.2761 | 0.3371 | 0.4095 
14 » | 0.1729| 0.1718] 0.1787 | 0.1937 | 0.2168 | 0.2479 | 0.2871 | 0.3343 | 0.3897 
16 » 0.1988| 0.2007] 0.2082 | 0.2213 | 0.2400 | 0.2643 | 0.2943 | 0.3298 | 0.3709 
8 km] 0.0801| 0.0452| 0.0273 | 0.0263 | 0.0422 | 0.0749 | 0.1247 | 0.1913 | 0.2749 
10 » 0.0800] 0.0534] 0.0424 | 0.0471 | 0.0674 | 0.1034 | 0.1550 | 0.2223 | 0.3051 
Tbk 0 Aioys' 12 » | 0.0867] 0.0684] 0.0637 | 0.0727 | 0.0953 | 0.1315 | 0.1814 | 0.2448 | 0.3219 
14 » 0.0998] 0.0888] 0.0890 | 0.1005 | 0.1233 | 0.1574 | 0.2028 | 0.2595 | 0.3275 
16 » 0.1178] 0.1122] 0.1156 | 0.1280] 0.1493 | 0.1796 | 0.2189 | 0.2670 | 0,3243 
8 km]- 0.0832|- 0.0050| 0.0737 | 0.1526 | 0.2315 | 0.3102 | 0.3891 | 0.4679 | 0.5468 
2T 9 2 Er 10 » 0.0180] 0.0869 0.1556 0.2245 | 0.2933 | 0.3622 | 0.4311 | 0.4999 | 0.5688 
205 6° 10 12 » | 0.1179] 0.1743] 0.2306 0.2870 | 0.3434 | 0.3999 | 0.4563 | 0.5126 | 0.5690 
14 » 0.2061] 0.2500] 0.2938 | 0.3377 | 0.3815 | 0.4254 | 0.4693 | 0.5131 | 0.5570 
16 » 0.2783| 0.3108| 0.3434 | 0.3759 | 0.4082 | 0.4407 | 0.4733 | 0.5058 | 0.5383 
8 km] 0.1445] 0.0757| 0.0340 | 0.0194 | 0.0318 | 0.0713 | 0.1379 | 0.2315 | 0.3523 
10 » | 0.1623} 0.0903] 0.0495 | 0.0401 | 0.0620 | 0.1152 | 0.1997 | 0.3155 | 0.4526 
Bolom: 12 » | 0.1764] 0.1090] 0.0743 | 0.0723 | 0.1030 | 0.1664 | 0.2625 | 0.3912 | 0.5527 
14 » | 0.1922] 0.1345] 0.1086] 0.1143 | 0.1515 | 0.2204 | 0.3210 | 0.4532 | 0.6170 
16 » | 0.2126| 0.1671| 0.1506 | 0.1626 | 0.2033 | 0.2727 | 0.3708 | 0.4975 | 0.6532 
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Abstract 


A non-iterative method for solving boundary value problems of elliptic difference equations is 
developed that is based on the simple structure of the triangular matrices obtained by applying 
the well-known elimination procedure of Gauss to the matrix of the difference equation. It is 
proved that the procedure is numerically stable, i.e., there is no tendency to error-growth. 
The method seems to be particularly suited to such problems as weather forecasting on high- 
speed computing machines where one has to solve the same equations (e.g., Poisson’s or Helm- 
holtz’s) a great number of times with the same net but different right member and boundary 
values. The number of stored constants as well as the computational work in the application of 
the method is only a fractional part of that required when using the inverse matrix (Green’s 
function). Poisson’s equation for a rectangular region is given a close study, but the method 
can be applied to irregular regions and to equations of higher order. 


I. Introduction 


For numerical solution of boundary value 
problems it is usual to replace the differential 
equation by a difference equation of the same 
or higher order. If the differential equation is 
linear we obtain a system of linear equations 
to solve that generally is of very high order. 
The methods for solving this system can be 
divided into iterative and direct methods 
(BoDEwIG, 1947). To the former are counted 
the Liebmann process (STIEFEL, 1952), relaxa- 
tion (SOUTHWELL, 1946), and steepest descent 
(STIEFEL, 1952). The direct methods consist 
either in forming the inverse matrix or in 
splitting the original matrix into triangular 
matrices according to Gauss or Choleski; the 
last-mentioned method can only be applied to 
symmetric matrices. Variants of the methods 
of Gauss and Choleski are given in the literature 
but common to for them all is some kind of 
elimination procedure. 

The matrices appearing in connection with 
ordinary and partial differential equations have 


a simple structure. A splitting of the original 
matrix can be done once for all for a given 
region. Below it will be shown how this 
splitting process can be done and that the 
amount of work for calculating the unknowns 
from the triangular matrices often is consider- 
ably less than for calculating the unknowns 
from the inverse matrix. Both the decompo- 
sition procedure and the solving of the un- 
knowns are extremely well suited for elec- 
tronic computers, even those having a fixed 
binary point. From the tabulation point of 
view it is more economical to tabulate triangu- 
lar matrices than inverse matrices. 


2. Arrangement of the matrix of the 
Poisson’s equation 


Because Poisson’s equation 


a? CE 0? 
Ox? 


Vèu = I(x, y); 
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has both general and meteorological interest 
this equation will be treated in detail. This 
equation occurs in the barotropic case where 
J essentially is a Jacobian of the absolute vor- 
ticity and the pressure height (Carney, 
FJORTOFT, VON NEUMANN, 1950). 

Now we consider the corresponding differ- 
ence equation of second order in two dimen- 
sions and with the u-values given on the 
boundary. The difference equation for quad- 
ratic nets with the mesh length h is 


ee a Ath (y) (2) 
0 
Ait Ze oy 
tt NU As lies = 
— the À 4th; Ya 
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where A? means central differences of the 
second order. We want a solution of (2) satis- 
fying the boundary conditions. This is called 
the first boundary value problem and has 
been treated for difference equations from a 
purely mathematical standpoint by Courant, 
FRIEDRICHS and Lewy (1928). 


In a rectangular region (fig. 1) with r 
inner rows and s inner points per row the 
notation uj means # at © = and o =k. 
Using these subscripts we can form the follow- 
ing equations. (o corresponds to the x-direc- 
tion and 0 to the y-direction). 


= Ug, + 40 — A? - Jy 
Hog —h? + Jae 


Ugg = Ugg — ee Jis 


ae ie A ae Moa Hae te a 


O0 — 2 

Er Alto 
a A Moy Ya May = eo h Jon 

eee Fos 

mn lion ol ai A Uo PE Ugo = h Joe 

= 2 

figs He Lo Da Me to sig Mei 15, 

etc. 


The equations above can be written in matrix 
notation 


Gal t (3) 


where u is a column matrix partitioned in r 
columns u,, u,, ..., u, each holding the su- 


Walties Of row, 2,..., r. 
Te Hoi Ua 
Ua thes Ure 
u — | 3 
u, = "13 u, = bs . 0 = . 
Uis [ER 2) | Urs _| 


In the same way the column matrix t formed 
by the boundary values and the function J is 
partitioned. 


hy, Ur + Hıo 
= cal PES T Uo 
ti — 13 Hi Hog | 


= h?Jis + dos + h,s+1 | 


1 h Joy + 40 


a 4 a | 


| — h? Jia TT Wy+1,1 + Yo 
Zi h?J,2 ap 411,2 
er tit h?]ıs Te W183 
t, = 


F Wrti,s À Ynstı | 
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The matrix G is partitioned in r? submatrices 
each of the order s. 


D-I 0 O.. | 
—I D-I O.. 

G= O—-I D—-I. (4) 
oO 00 O...—ID 


Here I denotes the unit matrix of the order 
s and the zeros are zero matrices of the same 
order. The submatrix D is defined as 


EO ee Orns 
RESTO ss 


O—I 4—1... (s) 


ms | 


D = 


000102702207 — I 4 


From the structure of the matrix G it is 
clear that it is symmetric and contains at most 
s non-vanishing elements per row and that 
these are collected in diagonals, the outer 
lies s diagonals from the head diagonal. 


3. General theory for splitting up a matrix 
into triangular matrices 


Because of the symmetry of the matrix G 
in (4) this matrix can be split either according 
to Gauss or Choleski, but as the main proce- 
dure is the same in both cases, we treat the 
former method only. Gauss’ method con- 
sists in forming a triangular matrix by eli- 
mination from which the unknowns can be 
solved by recurrence formula. Banachiewicz 
has shown that the matrix can be split up 
directly into two triangular matrices, a proce- 
dure called in German literature ‘Gauss’ abge- 
kürzte Verfahren” (ZuRMiut, 1950). For 
manual solution this procedure is preferable 
to the pure elimination procedure because less 
writing is required. For electronic computers, 
however, the elimination is more suitable. 
The inverse matrix can be computed from 
triangular matrices. The number of arith- 
metic operations is the same for the two 
methods. 


OL LEFKFARTONIST = 


Leet 


2.801 


rset 


rei,se1 


Fig. 1. Numbering in a rectangular region. 


We now split up a symmetric matrix A 
into two triangular matrices B and C. Hence 


A=B.C (6) 


Here we have a certain freedom in the choice 
of the diagonal elements of the matrices B 
and C. In this case the following arrangement 
seems to be convenient, for all elements except 
the diagonal elements in the important case 
of Poisson’s equation will be positive. 


Set | 
M 0: LÉO 

by Pa Gree / 

Bi= MR bee once, SE Su 
= =, | 

| bis Des bss bas... bs | / 

we ee eka a Cis | 

o—I Coy Vu C25 

c= a” 0. © oa Cas | 
| 

| 

090 Guen. 6 — I | 


We identify the two members in (6) and 
compute the elements bj, and cx from the 
following relations 


br = — ax ke ro, 286 
Cik = — by/b,, k= DR os 
bar = — dae + Ge + bir EIER 
Coe = — bop/boo k = 3,4,.:, (7) 
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ja 
bie = — dj +2 6 a ers 
Cie = — bx/b; kit rfi. 


For checking purposes we can use a relation 
for the sum of the computed elements big 
in the / column. 


Tan 


> Cnj * An 


n=1 


> bin SS > Anj u: 


n=] | 


In. >> Boe 


m=n 


When the matrix A is symmetric as here, the 
matrix — C has originated from B by multi- 
plying the transposed B by a diagonal matrix 
formed by the inverted values of B’s diagonal 
elements. 


4. Splitting up the matrix G into triangular 
matrices 
It is easy now to form triangular matrices 
for the matrix defined by (4). G is symmetric 
and beyond the (s+ 1):th diagonal (the head 
diagonal is numbered one) G’s elements are 
zero. 


We thus form 


Sac Sik = Sei 


The elements of the triangular matrices are 
computed from (7). In general 

PO tor = 1, 2,..:,.541 

but 

bu =o fork>s+1 


In the next b-column we have 
bee Oo for k= 2, 3,.,75 "+ 2 


by = ofork > s + 2 

GEC: 

Generally we have 

Besen = re JS 

GeO fork js 

From this we conclude the essential property 
of the triangular matrix B is that its diagonals 


I, 2,..., 5 + 1 (numbering as above) have 
non-vanishing elements but, the other diago- 
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nals contain zero elements only. For the 
matrix C we get similar results, but the 
non-vanishing diagonals lie to the right of 
the head diagonal. 

The conclusions above are valid for general 
difference equations of any order in which 
the letter s does not mean the number of 
points per row in fig. 1. The difference equation 
can originate from ordinary or partial differ- 
ential equations. The region need not to be 
rectangular, in non-rectangular regions let s 
denote the diagonal, usually not filled, beyond 
which we have zero elements only, then no 
non-vanishing elements will lie outside the 
s diagonal in the triangular matrix. 

In Poisson’s equation for a rectangular re- 
gion the triangular matrices contain about rs? 
elements each, but the inverse matrix contains 
r2s2 elements, where r denotes the number of 
rows and s the number of points per row in 
the region. The triangular matrix has besides 
another delightful property, viz. we can add 
extra rows to the region without affecting 
the preceding elements in the triangular ma- 
trix. The inverse matrix on the other hand 
changes every element when one adds an 
extra row to the region. See also section 8. 


5. Solution of the unknowns from the 
triangular matrices 


In order to solve the function u from the 
equation 


Bye Cnt (8) 
we first solve an auxiliary function v defined by 
Bvt (9) 

Then u is solved from 
CHEN (10) 


The function v is solved recurrently from (9) 
beginning with v,.. 


I 


Pr = bu "ty 
UO = (12 — 041° bie) (11) 
22 
UG = = (hg = Vin Dis — Vie ° bys) 
CLG: 
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Now we can solve u from (ro) beginning 


with u,.. 
Wi V5 
iS 726 ae Urs ° Crs—1, rs 
Up SP) = — Vg = Uys * Crs—2, rs Se 
a Lo OM el 
LC: 


6. The work for solving Laplace’s and 
Poisson’s equations 


As a measure for the work for solving # we 
take the number of multiplications and addi- 
tions that must be made. We consider rec- 
tangular regions but we can get an upper 
bound for the work for irregular regions if s 
denotes the maximum number of points in a 
row of the region. 

To form the triangular matrices we need 
about rs?/2 multiplications and additions (cf. 
sec. 8), and to solve u from these matrices this 
number is about 2 rs?. Thus we ought to turn 
the region so that r will be greater than s. 

The difference between Laplace’s equation 
and Poisson’s equation from the numerical 
point of view lies in the right member of (1), 
and the work to solve them with triangular 
matrices will be about the same, i.e., 2 rs? multi- 
plications and additions. We compare this 
with the number we get in computing u 
from the inverse matrix. For Laplace’s equation 
we need rs? + rs multiplications and addi- 
tions. For Poisson’s equation this number is 
r2s?, because every u value demands r-s multi- 
plications and additions. The work for solving 
u from the triangular matrices is thus equivalent 
to compute two rows by the inverse matrix.! 

However, when using the inverse matrix we 
can reduce the work considerably by com- 
puting two adjacent rows with the inverse 
eee and computing next row by the for- 
mula 


Usk = 4 Yop — Us, p—1, — Uo, p 11 — Ur 


Kir, 20600 

1 Poisson’s eq. in a rectangular region can also be sol- 

ved by using finite Fourier analysis and synthesis (cf. e. g. 

Charney, Fjortoft, von Neumann, 1950). The work is 
about 2 rs? + 2 r?s multiplications and additions. 
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Fig. 2. The error-growth in the step-ahead process. 


When the third row has been computed we 
compute the fourth and so on. The process, 
however, is unstable, which theoretically has 
been shown by Hyman (1952). The following 
é-scheme (COLLATZ, 1951) establishes the error- 
growth in which we have an error & in the 
middle row (see fig. 2). 

Hyman calls this process step-ahead and 
shows that the loss after stepping 13 rows 
is 10 decimal figures. According to our expe- 
rience the step-ahead process is favourable 
only when the boundary values have such a 
character that the solution is of exponential 
order in which case the relative error is con- 
stant. In other cases the error-growth very 
soon causes trouble and computing fresh rows 
with the inverse is necessary. Below will be 
shown that the triangular procedure is stable 
and an error (for example a rounding-off) 
will be damped. Besides, the gain with the 
step-ahead is none for Poisson’s equation if 
we must compute with the inverse the u- 
values in more than two rows in the region. 


7. The inverse matrix regarded as a 
function of the matrix D 


For rectangular regions we can choose an 
alternative method (cf. section 8) for solving 
the u-values instead of that given by equations 
(11) and (12). The computation of the triangu- 
lar matrices by this method has been replaced 
by the computation of a submatrix of the in- 
verse matrix, and we now derive some matrix 
relations for the inverse matrix. By introducing 
allied Chebyshev polynomials for the inverse 
matrix we are led to expressions that are 
nicer than Hyman’s for numerical purposes. 
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For Poisson’s equation our expressions con- 
tain simple sums while Hyman’s contain double 
sums corresponding directly to Green’s func- 
tion of the continuous case (see below equa- 
tion 21). LAASONEN (1948) gives for Laplace’s 
equation the same relations as we do. 

The determinant of D can be put in a 
closed form (RUTHERFORD, 1946). Denote the 
determinant to the matrix D of the sth order 
by D,. Expanding D, ; 1 after the first row we 
have the recurrence relation 


Dea = 4 D; D. (13) 


Now we introduce a polynomial S,,(a) of the 
n‘h degree defined by the relations 


Sn1(a) = 4 + Sl) Sn (a); So(a) = 1; 
Sı (a) =a 14) 
Thus, 
Ss (4) —ıD; 


The difference equation (14) has the solution 
Sn(a) = sin (n + 1) x/sinx 2cosx =a (15) 


which is a polynomial allied to the Chebyshev 
polynomials. The eigenvalues d, of D are 
derived immediately from (15). 


s (16) 


= M Dace 


Because a > 2 we put (15) in the more con- 
venient form 


Sn(a) = sinh (n + t)x/sinh x 2coshx = a 
(17) 


The eigenvector matrix (transformation ma- 


trix) of D is 
: jka | 
sin . 3 | 


We denote the normalized eigenvector ma- 
trix by T. 


Vrai 


With the knowledge of T we can according 
to a known theorem of the matrix algebra 


jka | 


een | 
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compute an arbitrary matrix polynomial of D 
by the formula (D and T are symmetric). 


F(D) =T - { F(4)} - T 


where { F(d) } is a diagonal matrix formed 
by the values F(d,) where d, are defined by 
(16). 

The inverse matrix is decomposed in r? 
submatrices each of the order s. 


= Ge = Gy 


Since 
G-G~!= unit matrix of the order r - s, we 


can for the submatrices Gy, write the rela- 
tions 


DG,— Guy = I 
= Gy, a DG, — Giz O 
— G, +DG; —G,=0O (18) 


— Gi,r1 + D: Gr = O 


(18) satisfies in matrix notation the same differ- 
ence equation as the polynomial S,,(a). 
We thus write the solution of (18) in the 
form 


- S;= (D) 


Gi, = constant 


because Gi, decreases with increasing k. 
The constant is determined from the first 
equation of (18). 


ences 


Giz = Se, (D) © S;-1(D) 


but since both factors are functions of D no 
ambiguity results if we write 


Gi SS (DS (DD) Rei, 2 7 


(19) 


which will be used in the following. 
We multiply G by the next column of its 
inverse and have the relations 


DG:— G:=0 
— G,, + DG, — G23 = I 
CG DG, — G,,— © 


— G;,,-1 + DG, = O 
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To solve this we make the same attempt 
and the constant is determined by the second 
of the equations above. We have 


Go, = S,(D) C S,—x(D)/S,(D) k= PERD DEEE 
By induction we obtain the general formula 
Gjy=S;-1(D)-S;_4(D)-/S (D) j <k (20) 


From (20) we easily derive formulas for 
computing the inverse matrix for half open 
regions, €.g., r= oo, s finite. If we let s approach 
infinity in the formulas, the elements in the 
inverse matrix yield integrals that correspond 
to relations established by STÖHR (1950). 

For comparison we establish the solutions 
of the continuous case. We divide the solution 
in two parts, one due to the boundary values 
denoted f (c), and an other part due to the 
function J (x, y). Then, the solution of Pois- 
son’s equation 


veu = I(x, 9) 


can be written in the form 


u(x, y) = {= - f(o) 
— ff Keys 8 0) Jen) + dé - dy 


region 


Sir 


where K (x, y; &, n) is Green’s function. The 
first integral is taken round the boundary. In 
the particular case when having a rectangle 
with the vertices (0, 0), (a, 0), (a, b) and (0, b), 
the normal derivative of Green’s function for 
the side y = 0 ando<x< ais 


oo 


; a 
sinha — (b — 
aK a » 
on a s TT 
sinhn- — - b 
n= a 
: rx : nr Ë 
- SIN # — « sinn — 
a a 


and Green’s function itself if expressed in Fou- 
rier series is 


Xx | uy ; ne É 
sinn — + sin # ek? sinn — + sinm 
a 
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Now we write the solution in matrix notation 
for the difference equation (2). Let u = o for 
o =oand fra =s+ I. We put 


= t+ t” 


where t is due to the boundary values and t” is 
due to the function J (x, y). Then, 


ae 
u; = Gy ty + Gy - tf + 2D Gp - te’ 
k=1 


G;.is defined by (19) and t is the right member 
of (3). If J = o we only need the submatrices 
Gy, for G; = Gi,,-;+1. When comparing 
our matrix solution with the continuous solu- 
tion we find that the normal derivative of 
Green’s function corresponds to the “boundary 
matrices” G1, and that Green’s function mainly 
corresponds to the “kernel matrices” Gy, 
LEUR 

We also consider the inverse matrix for 
rectangular nets. The eigenvalues of D will 
be changed but the eigenvector matrix T 
will be unchanged. If we denote the quotient 
between the mesh length of o- and o- direc- 
tions by p, the new eigenvalues are then 
given by 


The mesh length h occurring in some equations 
will now mean the mesh length in the o- 
direction. 


8. A matrix method for solving # from 


the triangular matrices 


A slight modification of the procedure 
indicated by equations (11) and (12) will 
give a convenient procedure to compute the 
u-values of Poisson’s equation for a rectangular 
region. We split the partitioned matrix G 
into quasi-triangular matrices consisting of 
quadratic submatrices of the order s. Now 


aa 
a b 


m? n? (21) 


LR. ES i Lo be ek 
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the elements b; and cy derived from for- 
mulas (7) will become submatrices in the 


MO Om Ore 
Ss 
ee 
= 
re) pees 
ano? 


O 
| 
el 
| 
OO. 
| 
Om MH 
| 
m LA O 
Le Rime Où =O 
HE SCT. 
Es 


For abbreviation the polynomial S, (D) is 
written S,. 

We introduce a matrix H; defined by 
Ha it 


(2) 


= sinh jX/sinh (j + 1) X 


- cosh X = D 


where 2 


We form an arbitrary row in B and obtain a 
difference equation for the matrix Hj. 


H, + H=! 


FAP 


(23) 
Now, equation (22) expresses the first sub- 
matrix G,, in the partitioned inverse matrix 
of a region of j rows according to equa- 
tion (19). 
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triangular matrices B and C. By induction 
we find that the B and C matrices can be 
written 


S; 
I— — Os FO 
Se 
S 
I r 
Sr—1 
oe 
en: 
= 


To solve u from the partitioned triangular 
matrices B and C we first form an auxiliary 
function z that corresponds to v in equation 
(9). Thus we have 
Zı = H, CA t, 
Zj+1= H;}: : 


(z + tj41) 


fo Ty Oa sega 


(24) 


To solve u from 
C-u=—z 
we easily find from the partitioned matrix C 


u, = Z, 
= 77 ees fff 2 


302 


If we solve u according to the equations (24) 
and (25) we need H and z only. We also can 
apply the usual checking procedure for ma- 
trices when solving u in this way. We thus 
have transfered our problem to tabulate G,, 
for r = I, 2, 3,... and these matrices can be 
computed free from each other. The eigen- 
values of H, denoted hj, can be computed 
recurrently from (23) which gives a stable 
procedure.! 


| : d 2 ah: 
sh dp == h;-ı, k s+I 
The number of stored constants for 


solving Poisson’s equation in a rectangular 
region is r(s + 1) using Hj matrices. For 
we have 


This implies that every Hj matrix demands 2s 
constants. But using congruence properties 
we find that s+ 1 constants are enough. 
Hence, having r rows we need r(s + 1) con- 
stants. But, as we have seen, r(s + I) constants 
can be used to solve Poisson’s equation in r 
regions. The first region contains 1 row, the 
second 2 rows and the last region contains r 
rows. Using inverse matrices we should need 
for these r regions considerably more con- 
stants. The work to compute the r H matrices 
is about rs?. 


In irregular regions it 1s sometimes con- 
venient to split up the original matrix into 


1 The formulas (24) and (25) can be expressed in T 


and diagonal matrices formed by hg This means a finite 


Fourier analysis of the function J in the x-direction. In 
this case the elements hip only need to be tabulated. 
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triangular matrices that are partitioned in 
submatrices. See also § 11. 


9. Stability 


A stability investigation is now easy to 
perform on the equations (24) and (25), for 
an error will.satisfy the same equations as zZ 
and u do. The error will be increased if an 
eigenvalue Hj is greater than 1, but will be 
decreased if it is less than 1. From (22) we 
immediately have the expression for hj, the 
eigenvalues of Hj. 


hir = sinh jx/ sinh(j + 1)x 
ak 
Sail 


cosh x = 2— cos 


from which equation we conclude that the 
eigenvalues must be less than 1. 


to. Numerical considerations 


To illustrate the foregoing paragraphs we 
give an example of triangular matrices for s = 
2, shown in table 1. The space only allows 
one matrix to be written and this is written 
in columns. The first column should be re- 
garded as the head diagonal of the triangular 
matrix B. In this case the elements are sta- 
tionary after 8 rows if rounded off to 5 deci- 
mals. MoskovItz (1944) has tabulated parts 
of the inverse matrix for r= 1, 2 and 3 so 
these tables can be used in special cases. 

For computations on BARK, the Swedish 
relay-computer, the triangular matrices have 
been formed by direct elimination because 
the “shorter” method has some drawbacks. 
At the preliminary planning of program for 
BESK, the Swedish electronic computer under 
construction, we also have used Gauss’ method, 
and normally no difficulties arise in forming 
the triangular matrix because of the fixed 
binary point. Having rectangular regions, the 
forming of necessary matrices is an extremely 
simple procedure. Very large systems can have 
their matrices stored on the magnetic drum, 
which is favourable. In meteorological compu- 
tations we can use information from preceding 
steps and compute corrections instead of the 
function itself. This will reduce the compu- 
tational work. 


NUMERICAL SOLUTION OF ELLIPTIC DIFFERENCE EQUATIONS 383 


Table 1. The triangular matrix B for s = 2 


r Head Diagonal 2 3 
I — 4.00000 — > 
— 3.75000 1.00000 - 
2 — 3.73333 0.25000 I 
— 3.42857 1.06667 I 
3 SSW ORGY 0.28571 
— 3.39185 1.08333 
4 — 3.70518 0.29214 I 
— 3.38679 1.08612 I 
5 — 3.790474 0.29314 I 
— 3.38606 1.08655 I 
6 — 3.70467 0.29329 I 
— 3.38596 1.08662 ii 
7 — 3.70466 0.29331 1 
— 3.38594 1.08663 I 
8 — 3.70466 0.29331 I 
— 3.38594 1.08663 I 


II. Poisson’s equation for non-rectangular 
regions 


The method of triangular matrices can be 
applied, of course, to irregular regions. In 
these cases the submatrices in the diagonal 
of the partitioned matrix G will have their 
order given by the number of inner points 
in an actual row. Still we can add extra rows 
to the region without affecting the preceding 
elements in the triangular matrices. 


12. Other elliptic problems in two 
dimensions 


We first consider Helmholtz’s equation 
Wan A - 1 = J (x,y) 


an equation which has interest in certain 
atmospheric models. If the A-values are given, 
this equation can be solved in the same way as 
Poisson’s equation. In a rectangular region 
the only difference from a numerical point of 
view is that the eigenvalues d4 in equation (16) 


willbe replaced by the new expression 


B= Tt, 2s 


h denotes the mesh length. 
The second boundary value problem where 
we have the derivative of u instead of u itself 


16—204486 


given on the boundary can also be solved by 
triangular matrices. The original matrix for 
this problem has the same simple structure 
as the G matrix. 

Elliptic equations with variable coefficients 
give variable elements in the matrix which 
in general will be non-symmetric. The work 
for solving the function from the triangular 
matrices will be the same as for Poisson’s 
equation. Self-adjoint equations give a sym- 
metric matrix if the variable coefficients are 


tabulated in the half-points. Let the equation 
be 


Uy) y 50 


(a + ux)x + (b - 


where the functions a and b are functions of 
x and y only. Then, the corresponding differ- 


ence equation is 


=e sp i Er Uae de 
+ (b;—1, 2 + 4), p—1 + ain + bie) + ue — 
FTL phates | ely ONE fy 
Fig. 3 explains the index notation. 
O1 02 03 


320 a2, 822 


Fig. 3. Numbering for self-adjoint equations. 


The biharmonic equation is an example of 
an equation of the fourth order that can be 
solved conveniently by triangular matrices. 
The corresponding difference equation gives 
2s +1 non-vanishing diagonals where, as 
usual, s denotes the number of points per 
row. 
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13. n-dimensional problems 


The matrix G will for Poisson’s equation 
contain twice as many non-vanishing diagonals 
around the head diagonal as there are dimen- 
sions. For example, the matrix for a parallele- 
piped of cubic net is 


Oc ae. 


where I, is a unit matrix of the r order and 
G, means the matrix 


Dei, OO, 
oD. I, (0 
GUN O +1. D 1, 
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where I, is a unit matrix of the st" order and 
D, means a matrix related to D. 
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The inverse can be derived in a similar way 
as we did for rectangular regions. We also 
can find a procedure for solving u that cor- 
responds to equations (24) and (25). 


14. Non-linear equations 


For non-linear equations we often can use 
a linearized solution as a first approximation. 
Then, we add successive corrections to this 
approximation by solving a linearized pertur- 
bation. This equation gives matrices of the 
kind we have considered. 
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Letters to 


Jet Streams and Clear Air Turbulence 


Dearzsir, 


Dr BERGGREN (1952) has given interesting frontal 
analyses of three occasions of jet stream over western 
Europe and has put forward the hypothesis that 

@ most occurrences of clear air turbulence in the upper 
troposphere and lower stratosphere are associated 
with fronts. 

Frontal analyses are necessarily subjective and 
influenced by the personal views of the analyst and 
it is, therefore, not surprising that I do not agree 
with some aspects of Berggren’s analyses. For 
example, the level of the tropopause over Downham 
Market in Berggren’s figure 6 does not agree with 
that published in the Upper Air Section of the 
British Daily Weather Report, where it is given 
as 260 mb; the fall of temperature between 319 
and 260 mb, i.e. above Berggren’s tropopause, was 
7.9° C. giving a temperature gradient of — 5.8° C. 
per kilometre, which would seem tropospheric 
rather than stratospheric. There are other minor 
points of disagreement. 

Frontal analysis in the upper troposphere is 
difficult, as has been pointed out by Murray and 
Jounson (1952). Thus, though the idea of tracing 
the frontal zone into the stratosphere is attractive, 
yet because the evidence for such zones rests on 
one, or at most two, radiosonde ascents in each 
case and because of the subjective element in the 
analysis illustrated above, I prefer to await the 
promised publication of the complete analysis 
before accepting the stratospheric fronts as sig- 
nificant. 

There is no doubt that clear air turbulence in 
the upper troposphere is sometimes associated with 
frontal zones. Histor (1951) in his table I lists four 
cases which were definitely so associated and there 
may well have been others among the number 
listed as “doubtful’’. In analysing other occurrences 
of turbulence I have recognized many as occurring 
in frontal zones (BANNON, 1952). Undoubtedly, 
however, turbulence may occur outside such frontal 
zones. A good example is the Flight VR6o of Hislop’s 
table I where part of the turbulent layer was in a 
frontal zone and part above it in the strong vertical 
shear under a jet stream core. 

Berggren’s extension of the front through the 
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the Editor 


tropopause entails a definition of front in that 
region by strong horizontal shear. His hypothesis, 
that most cases of clear air turbulence are associated 
with a frontal zone, therefore implies with his 
definitions that the clear air turbulence is associated 
with either vertical or horizontal shear or both. 
This does not seem to me to be any advance on 
previous ideas (HARRISON, 1950; BANNON, 1951, 
a, b, c). “Front” is merely a name given to a 
boundary zone; it does not imply any increased 
tendency towards turbulence except as such a 
zone is associated with the usual turbulence-pro- 
ducing agencies, shear and convection. 

For a proper investigation of the causes of clear 
air turbulence it is not sufficient, except perhaps 
as a demonstration of a possible forecasting tool, 
merely to associate the phenomenon with a loosely- 
defined attribute of the meteorological variables 
called a “front”. Even if the great majority of 
occasions of turbulence were found to be associated 
with fronts, which is not the case, it would still be 
necessary to study the fundamental features of 
each occasion, viz. vertical and horizontal shear 
and lapse rate of temperature. As Histop (1951, 
Section 6.4) has pointed out, it is the relative scarcity 
of observations of clear air turbulence and the lack 
of adequate measures of the meteorological param- 
eters, shear and temperature lapse rate, which 
are restraining progress in this field. 

I should like to draw attention to a misprint in 
the footnote on page 50 of Berggren’s paper. The 
dimensions of eddies causing bumps to Spitfire 
and Mosquito aircraft are thought to be from 15— 
Iso metres and not I$—500 metres, as stated. 


Yours faithfully, 


T. K. BANNON 
Harrow, Middlesex 
September 15, 1952 
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Reply 


Dr Bannon emphasizes that it is necessary to study 
the fundamental features of each occasion with 
clear air turbulence, viz. vertical and horizontal 
shear and lapse rate of temperature. I agree com- 
pletely with him in this respect, and that is the 
reason why I have mentioned this special phe- 
nomenon in my paper. As is pointed out there the 
distance between the stations of the present radio- 
sonde networks is often not of the same order 
as that of the phenomenon one is investigating. For 
that reason it is—for the time being—necessary 
to use some sort of a model. Here the concept of 
front enters the picture. If we study the frontal 
model in detail when the available material is 
most favourable and make as many generalizations 
as are justified by the data, then we may use the 
frontal model to advantage in such cases where 
the material is sparse. A specific example may 
clarify what I mean. 

It is generally accepted—as can also be seen in 
Bannon’s letter—that horizontal wind shear is 
of great importance in many cases with clear air 
turbulence. In his paper BANNON (1951 a) tries to 
correlate the appearance of these two items and is 
taking the horizontal shear given by the wind- 
observing stations in Great Britain. I dare say that 
my paper (as well as many others)—and a second 
one which will soon appear as “band I, nr 24”, of 
“Arkiv för Geofysik’—has made it clear that the 
wind distribution is anything but linear over such 
great distances as those ordinarily existing between 
radiosonde stations. We have no possibility what- 
soever to get the true value of the shear by linear 
interpolation between stations, but—and this is 
one of the main points in the second part of my 
paper—the frontal model gives a possibility to 
get better values, even if not the right ones. Further- 


more it is easier—for instance in a vertical cross- 
section—to extrapolate or interpolate the wind 
field with the help of a model then to do it without 
one. It is certainly rather dangerous to do so, but if 
one is well aware of this fact, the danger can be 
diminished. 

Bannon mentions a paper by Murray and JOHNSON 
(1952) stating that frontal analysis in the upper 
troposphere is difficult. I certainly agree with that 
statement, but this gives us no reason not to use 
the concept of front also in this analysis. The fact 
that the frontal analysis may be carried through @ 
also in the upper troposphere is well established by 
many writers, among others by PALMÉN (1951) and 
Gopson (1951). 

It is right that table I in Hislop’s paper gives 
only 4 cases with clear air turbulence connected 
with fronts. But the table gives only 6 cases where 
it is definitely stated that no front was associated. 
For the remaining 10 cases the connection is stated 
as ‘doubtful’. Considering the difficulty of analysing 
fronts in the upper troposphere one is justified 
to assume that a number of front-cases are hidden in 
this group, as Bannon also does. 

It do not quite understand Bannon’s statement 
in paragraph four. First he says that clear air tur- 
bulence in the upper troposphere is sometimes 
associated with frontal zones, and then he states 
that he has recognized many such cases as occurring 
in frontal zones. I certainly agree with his last 
statement. 

As to the connection with fronts I would like to 
review a remark made by Farquharson in a discus- 
sion meeting held in London February 1952, on 
“Meteorology and the operation of jet aircraft’’ 
(see Quart. Journ. vol. 78 no. 337 p. 451). He states 
that in the forecasting of clear air turbulence the 
Meteorological Office at Dunstable succeeded in 
22 cases out of 24 by using the observed connection 
between clear air turbulence and the jet stream. 
Is it not so, however, that talking about the displace- 
ment and the behaviour of the jet stream is equiva- 
lent in many (most?) cases with the use of the 
frontal model? 

It was not the purpose of my paper to touch 
directly the question of the causes of clear air tur- 
bulence. I wanted primarily to discuss the treatment 
of the involved meteorological parameters. 

As far as I can see, the difference of opinion 
concering the height of the tropopause in my 
fig. 6 is not an important question. It is quite right 
that the layer immediately above the tropopause 
in my case shows a vertical temperature gradient 
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of — 5.8° C kml, but the gradient in the layer 
below the tropopause is — 7.3° C km-1. It is thus 
a marked difference between the layers. It must 
not be forgotten that the definition of the tropo- 
pause used by the Meteorological Office in the 
daily service is to some extent arbitrary and formal 
and may sometimes lead to wrong conclusions. 

Finally I want to thank Dr Bannon for the 
interest he has shown in my paper and I am glad 
that a discussion has arisen out of it. 


Roy BERGGREN 
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Dear Sir, 


The article “The Distribution of Temperature 
and Wind Connected with Active Tropical Air 
in the Higher Troposphere and Some Remarks 
Concerning Clear Air Turbulence at High Alti- 
tude” by Roy Berggren in the February 1952 
issue of Tellus, has recently been drawn to my 
attention. 

I do not wish to comment here on Mr Berg- 
gren’s claim that clear air turbulence is essentially 
associated with the presence of a frontal system in 
the upper air, as I understand that this will be 
covered in a separate communication from Mr 
Bannon. 

However, I would like to point out that in my 
view figure 10 in my paper to the Royal Aero- 
nautical Society (mentioned on page 52 of Mr 
Berggren’s paper) does not give the impression 
that the turbulent area is associated with anti- 
cyclonic wind shear. In fact, my interpretation of 
the figure is that, if anything, the shear is cyclonic. 
In any case, no mention of the character of the 
wind shear is mentioned in the text. The figure 
shown is merely illustrative of typical conditions 
and rather than show a chart which we might 
have prepared specially, I preferred to use the chart 
as published in the Daily Weather Report. 


Yours faithfully, 


G. S. Hiscop. 
Ruislip, Middlesex 
11 September 1952 


Reply 


Dr Hislop is opposing to my comments on one 
of his figures of the paper cited by me. I do not 
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quite understand his objections and for this reason 
I shall give a short discussion of the sign of the 
horizontal wind shear on his figure. 

The radiosonde station Liverpool (03322) gives 
the wind 200° 129 knots at 300 mb at a height of 
29,200 feet. Station Larkhill (03743) gives 200° 115 
knots and the height 29,700 feet. Isotach analyses 
by many authors (e.g. Newton, PHrrLips, Carson, 
and BRADBURY, 1951) give as a rule the jet centre 
quasi-parallel to the isohypses, in cases without 
strong accelerations. Thus, in this case, the centre 
of the strong winds must pass to the west of 
the indicated turbulent area. In any case, I consider 
it impossible to get cyclonic shear through this area. 

The most serious objection, however, to the 
discussed figure is the time difference between the 
chart and the observation of clear air turbulance. 
As I pointed out in my paper the chart time is 
0300 GCT, while the observation was made at 
1300 GCT. Studying the change of the wind from 
0300 to 1500 GCT one gets the following interesting 
values. At 350 mb the Liverpool wind changed 
from 200° 122 knots to 230° 78 knots, while the 
corresponding values for Larkhill were 200° 111 
knots and 200° 102 knots, respectively. The Down- 
ham Market (03476) sounding gave at 1500 GCT 
210° 109 knots (unfortunately the 0300 GCT 
sounding did not reach the 350 mb level). 

This distribution of the wind makes it quite 
clear that the horizontal (isobaric) wind shear was 
cyclonic at the time of observation over the area 
where clear air turbulence was observed. 

I cannot quite understand the reason to publish 
a 0300 GCT chart to illustrate the conditions at 
1300 GCT, when there are soundings made at 
1500 GCT. I know that the 300 mb charts for that 
time were not published in the Upper Air Section, 
but that is not a sustainable explanation for the 
choice. 

It is quite true that nothing specific is said in 
Hislop’s paper about the sign of the shear, but 
this question has been brought up in later papers. 
For that reason I considered it important to make 
these remarks, as Hislop’s paper will be classic in 


this field and is and will be read by many persons. 
Roy BERGGREN. 
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Direct observation of upward leaders from the 
earth during a thunderstorm in South Africa 


Dear Sir, 


The following observation was made at Hluh- 
lune, Zululand, Souh Africa, December 11, 1951, 
and might be of interest to you. 

Around six o’clock in the afternoon a very 
severe thunderstorm began. As usual in South 
Africa the storm came very suddenly, she sky 
turned black and the lightning strokes came with 
very short intervals from all directions. They 
blinded one’s eyes completely. A very heavy shower 
followed with big hailstones. We were living up 
on a hill and there are mountains and hills all 
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around the horizon: the northern parts of big 
Dragon-mountains. I was standing at the window 
watching, when the storm culminated around 
seven o'clock. Suddenly I saw a series of light- 
ning strokes, that seémed to come straight up from 
te earth. It looked exceedingly strange. I saw 
them absolutely clearly and they seemed to be 
broader at the, base and became more narrow 
upwards. Then a very intense lightning strokes 
blinded me completely and when I looked out 
again afterwards, the lightning strokes from the 
earth had disappeared. 


Yours sincerely 
Karin FJALLBACK HOLMGREN 


NFOeIEE 


During the week of October 13—18, 1952, a mete- 
orological conference was held at the Institute of 
Meteorology, University of Stockholm under the 
leadership of professor C.-G. Rossby. The purpose 
of this conference was twofold. First it was felt 
important to retain close contacts with other groups 
in Europe and the USA in the field of numerical fore- 
casting, which has been the main research subject 
of the institute during the last year. Secondly, the 
conference represented an attempt to make a sur- 
vey of the present stage of our knowledge in the 


fields of cloud physics and the cycle of fixed nitro- 
gen in the atmosphere, in order to formulate 
preliminary research programs in these two fields. 
It is hoped that those two subjects will be taken 
up for detailed study in a near future at the in- 
stitute and in close collaboration with other insti- 
tutions. 

The titles of the lectures are listed below. Some 
of them are published in this issue, others will 
appear in later issues of Tellus. 


IE TEMG TE OPI IES 


Section I. Synoptic-aerological problems. 


Prof. E. PALMÉN, University of Helsinki: Comments 
on the cyclone problem. 

Dr C. W. Newton, University of Chicago: Structure 
of the wind field over the United States in a summer 
situation. 


Section II. Numerical Forecasting. 


Dr J. CHARNEY, Institute for Advanced Study, Princeton: 
The numerical forecasting program in Princeton. 

Dr R. C. Sutcutrre, Meteorological Office, Dunstable: 
Some preliminary experiments in numerical compu- 
tations at the meteorological office, Dunstable. 

Dr E. Eapy, Imperial College of Science, London: Some 
problems of numerical forecasting. 

Dr A. Errassen, Institutt for vaer- og klimaforskning, 
Blindern, Oslo: Tendency computations by means of 
a 21/,-dimensional model. 

Dr E. LinGELBACH, German Weather Service, Bad 
Kissingen: A report on some 3-dimensional compu- 
tations performed at Bad Kissingen. 

Fil. lic. B. Bouin, University of Stockholm: Comments 
on the testing of atmospheric models. 

Dr J. CHARNEY, Institute for Advanced Study, Prince- 
ton: Remarks on three and four parameter models. 
Prof. J. van MIEGHEM, University of Brussels: Energy 
conversions in the atmosphere on the scale of the 
general circulation. Problems of the International 
Year 1957—58 and the spacing of aerological stations. 

Civilingenjôr ©. Kartavist, Computor Project, Stock- 
holm: A noniterative method for solving elliptic 
boundary value problems. 

Fil. lic. G. ARNASON, University of Stockholm: Example 
of temperature and pressure tendency computations 
for the troposphere with a simplified baroclinic model. 


Section III. Cloud Physics. 


Dr V. SCHAEFER, General Electric Company, Schenect- 
ady: I. Clouds in the laboratory and in the sky. 


Dr N. HERLOFSON, Royal Institute of Technology, Stock- 
holm: Report on Australian researches in cloud physic- 
and cloud modification. 

Dr WHITTLE, University of Uppsala: Statistical methods 
for evaluation of cloud seeding operations. 

Mr F. H. LupiaM, Imperial College of Science, London: 
Natural and artificial showers. 

Dr C. JunGz, Universitätsinstitut für Meteorologie und 
Geophysik, Frankfurt am Main: Particle-size distribu- 
tion of condensation and sublimation nucleii. 

Prof. T. BERGERON, University of Uppsala: Rain mecha- 
nisms in the temperate zone and the possibility of 
influencing them. 

Dr C. W. NEWTON, University of Chicago: Effect of 
vertical wind shear on thunderstorm and tornado 
formation. 

Dr V. SCHAEFER, General Electric Company, Schenect- 
ady: II. The modification of clouds in the free atmos- 
phere. 

Dr V. SCHAEFER, General Electric Company, Schenect- 
ady: III. An experimental approach to the study of 
the lower atmosphere. 


Section IV. The Nitrogen Cycle in the Atmosphere. 


Laborator H. Ecner, Royal Institute of Agriculture, 
Ultuna: On the role of the atmosphere in the circu- 
lation of nutrient elements. 

Agr. lic. E. Erıkson, Royal Institute of Agriculture, 
Ultuna: On the origin of atmospheric salts. 

Dr C. Junge, Universitätsinstitut für Meteorologie und 
Geophysik, Frankfurt am Main: Concentration of 
various aerosols in the atmosphere. 

Dr A. Äncström, Swedish Meteorological and Hydro- 
logical Institute, Stockholm: On the fixed nitrogen 
content in precipitation, its geographical distribution 
and seasonal variation in Sweden. 

Fil. lic. W. Scuyrt, University of Stockholm: On the 
fixed nitrogen content of ice samples from Antarctica 
and from a Norwegian glacier. 

Dr ©. ARRHENIUS, Grödinge: Chemical denudation and 
soil destruction in Sweden. 
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